SZEMEREDI’'S PROOF OF SZEMEREDI’S THEOREM

TERENCE TAO

ABSTRACT. In 1975, Szemerédi famously established that any set of integers of posi-
tive upper density contained arbitrarily long arithmetic progressions. The proof was
extremely intricate but elementary, with the main tools needed being the van der
Waerden theorem and a lemma now known as the Szemerédi regularity lemma, to-
gether with a delicate analysis (based ultimately on double counting arguments) of
limiting densities of sets along multidimensional arithmetic progressions. In this note
we present an arrangement of this proof that incorporates a number of notational
and technical simplifications. Firstly, we replace the use of the regularity lemma by
that of the simpler “weak regularity lemma” of Frieze and Kannan. Secondly, we ex-
tract the key inductive steps at the core of Szemerédi’s proof (referred to as “Lemma
5”7, “Lemma 6”7, and “Fact 12” in that paper) as stand-alone theorems that can be
stated with less notational setup than in the original proof, in particular involving
only (families of) one-dimensional arithmetic progressions, as opposed to multidimen-
sional arithmetic progressions. Thirdly, we abstract the analysis of limiting densities
along the (now one-dimensional) arithmetic progressions by introducing the notion of
a family of arithmetic progressions with the “double counting property”.

We also present a simplified version of the argument that is capable of establishing
Roth’s theorem on arithmetic progressions of length three.

1. INTRODUCTION

In this paper we adopt the convention that the natural numbers N = {1,2,...} begin
at 1, rather than 0. For any natural number N, we let [N] denote the initial segments’

[N] ={neN:n< N}={1,...,N},

with the convention that [0] is the empty set. For any natural number K, we define a
length K arithmetic progression, or K-AP for short, to be a K-tuple P of the form

ﬁza—i—r-m:: (a+kr)ex) = (a+r,a+2r,...,a+ Kr)

for some integer a and natural number 7 (thus in this paper arithmetic progressions are
—

always strictly increasing). We abbreviate a + 1 - [?]) as a + [K]| when r = 1, or [7])

when @ = 0 and r = 1; we will make a (very) slight distinction between the ordered
—

K-tuple [K| = (1,...,K) and the unordered K-element set [K] = {1,..., K}. To each

I general, we will try to use lower case Roman letters to denote elements of initial segments whose
length is denoted by the corresponding upper case letter, thus for instance n € [N], k € [K], [ € [L],
h € [H], etc.. Sets (particularly sets of integers) will usually be denoted in boldface such as A,S;
tuples (particularly arithmetic progressions) will be denoted by symbols with arrows, such as P or E;
and collections of such tuples will be denoted in calligraphic font such as P or AP.
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FiGure 1. Two—dimensiona} depictions of a 3-AP P =
(P(1), P@), P(3)), a 4AP § = (Q(1).Q(2),Q(3),Q()), and a 5
AP U = (U(1),U(2),U(3),U(4),U(5)). We will view the upwards and
rightwards directions in such depictions as “positive”, so that all three
arithmetic progressions depicted here are increasing, in agreement with
the definition of such progressions in this paper.

K-AP ]3, we associate the increasing affine-linear function P : Z — Z defined by
P(k) == a + kr,

thus P = (P(1),..., P(K)). We say that a K-AP P=a+r- m is contained in a set
of integers A c Z if a + kr € A for all k € [K], or equivalently if P([K]) c A.

Arithmetic progressions lie in the integers, which are a one-dimensional set. However,
when depicting such progressions, it will be more convenient to draw them as two-
dimensional objects: see Figure 1.

In 1927, van der Waerden [11] proved:

Theorem 1.1 (Van der Waerden’s theorem). [11] Let K, M be natural numbers, and let
N be a natural number that is sufficiently large depending on K, M. If [N] is partitioned
into at most M colour classes, then one of the colour classes contains a K-AP.

Equivalently: if the natural numbers are partitioned into finitely many colour classes,
one of them will contain arbitrarily long arithmetic progressions.

A significant strengthening of van der Waerden’s theorem was established by Szemerédi
[9] in 1975. If A is a set of integers, then its upper Banach density BD(A) is defined to
be the quantity

— An(h+[N
BD(A) := lim sup sup A~ (h+ [N])
Now  heZ N

where we use |E| to denote the cardinality of a finite set E, and h+ E = {h+n : n € E}
to denote a translate of a set of integers E by a shift h € Z. In Szemerédi then showed

Theorem 1.2 (Szemerédi’s theorem). [9] Let A < N have positive upper Banach den-
sity. Then A contains a K-AP for every K € N.
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The K = 1,2 cases of this theorem are trivial. The K = 3 case was established in 1953
by Roth [7] using Fourier-analytic methods. The K = 4 case was significantly more
difficult, and was first established in 1969 by Szemerédi [8], prior to Szemerédi’s 1975
proof in [9] of Theorem 1.2 in full generality. It is not difficult to show that Theorem
1.2 implies Theorem 1.1, but the converse implication is far less clear. One can replace
the notion of upper Banach density here by other notions of density and still obtain an
equivalent theorem; we leave the description of such variants to the interested reader.

In contrast to Roth’s argument, Szemerédi’s argument was purely combinatorial, and
involved three main ingredients. The first is van der Waerden’s theorem (Theorem 1.1).
The second was a surprisingly delicate and recursive analysis of densities of sets of inte-
gers along certain arithmetic progressions (or higher dimensional analogues of arithmetic
progressions). This analysis was quite technically involved, but was ultimately based
on the classical combinatorial technique of double counting. The final ingredient was a
lemma [9, Lemma 1] which, in its modern formulation, is now known as the Szemerédi
regularity lemma; see e.g. [10].

In the original proof of Szemerédi, these three ingredients were interwoven together
in a quite complicated manner (see in particular the diagram?® on [9, p.202]). Since
the original proof of this theorem, several quite different proofs of this theorem have
been given; we mention in particular the ergodic theory proof of Furstenberg [2], the
higher-order Fourier analytic proof of Gowers [3], and the hypergraph regularity proofs
of Gowers [4] and Nagle-Roédl-Schacht-Skokan [5], [6]. Our focus here will however be
on the original argument of Szemerédi.

In this paper we present an arrangement of Szemerédi’s argument that contains a num-
ber of notational and technical simplifications. Firstly, we replace the use of the regu-
larity lemma by a simpler “weak regularity lemma” of Frieze and Kannan [1], which we
state here:

Lemma 1.3 (Weak regularity lemma). [1] Let V, W be finite sets, let € > 0, and let
E cV x W. Then there exist partitions V=V uU---U V4 and W =W;u...Wp
with A, B = O,(1) and real numbers 0 < d,p < 1 for a € [A],be [B] such that

(FxG)nE|— > | du[F 0 V,||G A Wy|| < e[V|[W] (1.1)
a€[A] be[ B]

forallF <V and G < W.

Here we use O.(1) to denote an expression bounded in magnitude by a constant C.
that depends only on . This lemma can be established as a corollary of the Szemerédi
regularity lemma; however, by proving Lemma 1.3 directly one can obtain far better
quantitative bounds on A, B than those provided by that regularity lemma (of expo-
nential type in 1/e, rather than tower-exponential type). See [1] for further discussion.
From a graph theory perspective, one can interpret the triplet (V, W, E) as a bipartite

2Note that the arrow from Fact 12 to Lemma 6 in that diagram should be reversed.
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graph connecting the two vertex sets V, W, but we will not use graph-theoretic termi-
nology further in this paper. For sake of completeness, we provide a proof of Lemma
1.3 in Appendix A.

Actually, it will be convenient to use the following consequence of the weak regularity
lemma, that allows one to approximately compute a large number of statistics |F n E,|,
w € W using a much smaller number of statistics |F n V,|, a € [A], where A can be
significantly smaller than W:

Corollary 1.4 (Consequence of weak regularity lemma). Let V, W be finite sets, let
e > 0, and for each w € W, let E,, be a subset of V. Then there exist a partition
V =V,u---uVy with A= 0.1), and real numbers 0 < ¢, < 1 for a € [A] and
w e W, such that for any set F < V, one has

FAEy| = ). caulF n V|| <e|V]|
ag[A]

for all but e|W| values of w e [W|.

Proof. We apply Lemma 1.3 with E = {(v,w) € V x W : v € E,}, and ¢ replaced
by €2/2. This creates partitions V.=V, u--- UV, and W = W; U --- U Wpg with
A, B = O,(1) and coefficients 0 < d, < 1 for a € [A], b € [B] such that

2
(FxG)nE|= Y] Y duslF 0 ViIIG 0 Wil < SIVI[W]
a€[A] be[B]

for all F ¢ V and G < W. If we define ¢,,, to equal d,;, whenever a € [A], b € [B],
and w € Wy, then we can rearrange the left-hand side of the above inequality to obtain

2
MHFAE = D cowlF AV, <%IV||W|-
weG aG[A]

Applying this inequality with G equal to the set where the summand is positive (resp.
negative) and summing, we conclude that

DFAE = ) cowlF n V|| < VW]
weW ag[A]

for all F < V, and the claim now follows from Markov’s inequality. O

In this paper, the weak regularity lemma will be combined with van der Waerden’s
theorem to establish an important “mixing lemma” (see Theorem 4.1 below) which will
then become a key ingredient in the proof of Szemerédi’s theorem. Neither the regularity
lemma nor van der Waerden’s theorem will be used outside of the proof of this mixing
lemma.
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A prominent feature of the original argument of Szemerédi is the frequent use of mul-
tidimensional arithmetic progressions

(@ +niry 4 - +0DTD)(n1,.np)e[Ni]x < [Nb]

for relatively large values of dimension D (in fact to locate K-APs, one needs to use
dimensions D of size D = O(2%)). In particular, the three most important propositions
in [9], which are labeled Lemma 5, Lemma 6, and Fact 12 in that paper, heavily involve
these progressions, making them somewhat difficult to interpret as stand-alone proposi-
tions. The second simplification introduced in this paper is to “refactor” the argument
so that the only progressions one encounters in the course of the argument are either
one-dimensional arithmetic progressions

—

P = (a4 n7r)nen
or two-dimensional “rectangles”
é = (CL + hr + lS)(h,l)e[H]x[L]-

In particular, the analogues of [9, Lemma 5, Lemma 6, Fact 12] in this paper (namely,
Theorem 6.8, Proposition 6.9, and Claim 6.1) only involve (families of) one-dimensional
arithmetic progressions, and which are somewhat easier to interpret in a stand-alone
fashion. For instance, here are two such propositions which will play a key role in the
K = 3 case (i.e. in proving Roth’s theorem):

Theorem 1.5 (C(3,{2})). Let L be a natural number, and let S be a set of integers of

upper Banach density at least 1 — I()LL' Suppose that S is partitioned into finitely many

colour classes. Then there exists a colour class A < S, together with a family (ﬁl)le[L]
of 3-APs P, = (P(1), B(2), Fi(3)) indexed by | € [L], obeying the following properties:

(i) For alll € [L], P, is contained in S.
(ii) For alll e [L], P(1) lies in A.
(iv) The tuple (P/(2))ie[r) is an L-AP.

(The property (iii) turns out to be redundant in the k = 3 case and is thus omitted here;
see Theorem 1.7 or Claim 6.1 below.) See Figure 2.

Theorem 1.6 (C(3,{3})). Let L be a natural number, and let S be a set of integers of

upper Banach density at least 1 — ﬁ. Suppose that S is partitioned into finitely many

colour classes. Then there exists a colour class A < S, together with a family (ﬁl)le[L]
of 3-APs P, = (Pi(1), P(2), P(3)) indexed by | € [L], obeying the following properties:

(i) For all L€ [L], P, is contained in S.
(ii) For allle L], P(1) and P,(2) lie in A.
(iv) The tuple (P(3))ie[r) is an L-AP.

See Figure 3.
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FIGURE 2. A configuration produced by Theorem 1.5, with L = 5 and
the 3-APs P,, P; omitted. Blue elements denote elements of A; gray
elements denote elements of S (which may potentially also lie in A).

)
<

=
S

P1(3),

FIGURE 3. A configuration produced by Theorem 1.6, with L = 5 and
the 3-APs ]32, ]33 omitted, and with the same colouring conventions as
Figure 3. In this particular case we have a collision P;(1) = P5(1), but
such collisions are not prohibited by the theorem.

FIGURE 4. A configuration produced by Roth’s theorem.

The notations C(3,{2}) and C(3,{3}) come from a more general claim C(K,(2) that
will be defined in Claim 6.1 below. Informally, one can think of C(3,{2}) as “one third”
of Roth’s theorem, in that it produces a family of 3-APs with just one element in a
good set A; similarly C(3,{3}) can be thought of as “two thirds” of Roth’s theorem,
in that it produces a family of 3-APs with two elements in such a good set. (Compare
Figure 4 to Figures 2, 3.) A key technical difficulty here is that the set S has upper
Banach density slightly less than one, rather than equal to 1; the claims would follow
easily from van der Waerden’s theorem in the latter case.

In Section 5 we give a self-contained proof of Roth’s theorem, by first giving a short
proof of Theorem 1.5, and then using that theorem (together with van der Waerden’s
theorem and the weak regularity lemma, together with double counting arguments)
to prove Theorem 1.6, and finally using double counting arguments to derive Roth’s



FIGURE 5. The logical structure of the proof of Roth’s theorem (blue)
in this paper. Key subtheorems are in gray; general-purpose tools are
uncoloured. The structure of dependencies is actually slightly simpler
than what is depicted here; for instance, the derivation of Roth’s theorem
from Proposition 3.5, Theorem 3.6, Theorem 5.2, and Theorem 4.1 does
not use the full strength of Theorem 4.1, but rather the simpler component
(i) of that theorem, which does not require Theorem 1.1 or Corollary 1.4
to prove.

theorem from Theorem 1.6; see Figure 5. This is by no means the shortest proof of
Roth’s theorem in the literature, but it serves as a warmup for the proof of the general
case of Szemerédi’s theorem, which has a slightly different top-level structure but uses
essentially the same low-level ingredients; see Figure 6.

The third main simplification in this paper regards the analysis in [9, Section 3] of
limiting densities of sets along arithmetic progression. A key technical difficulty arises
from a distinction between (various notions of) upper density and density. For instance,
suppose A < N has upper Banach density BD(A) equal to 6. Then there exists a

Ny ]

sequence of intervals h,, + [NV,,] with N,, — oo such that W converges to 9.

However, for all other intervals h + [N], one only has an upper bound
|A ~ (h+[N])

N
as N — o0, but not necessarily the matching lower bound
|A (b +[N])|

N

In particular there can exist arbitrarily large intervals A 4+ [N] in which the density
of A is far smaller than 0. In this particular case, one can eliminate this problem by

<+ o(1)

=0 —o(1).

SZEMEREDI'S PROOF OF SZEMEREDI'S THEOREM 7
Lem 2.1 Prop 3.5
Lem 3.3 |=»] Cor3.7 |« Thm 3.6
Lem 1.3 Thm 1.5 P Thm 5.1 |=» Thm 1.6 ] Thm 5.2 ] Roth
l Y
Corl.4 Thm 4.1
Thm 1.1
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l Y T T
Corl.4 Thm 4.1 =] Thm 6.8 Lem 6.3
Thm 1.1

FicurE 6. The logical structure of the proof of Szemerédi’s theorem
(blue) in this paper. Key subtheorems are in gray; general-purpose tools
are uncoloured.

restricting the class {h + [N] : N € N} of intervals one is measuring density on to just
the subsequence {h,, + [N,] : n € N}. The set A will now have a limiting density ¢ (and
not just upper density ¢) “along” this subsequence of intervals.

In the argument of Szemerédi [9], after using the previous simplifications to work with
one-dimensional progressions, one is measuring upper densities or densities of sets A
of integers along various collections P of arithmetic progressions P (which are not

necessarily intervals m) Analogously to the above discussion, if A has some upper
density § along such a family P, it is not difficult to pass to a subfamily of progressions P’
along which A has density §. However, it is important in [9] that the resulting subfamily
P’ of progressions is compatible with a number of “double counting” arguments. In this
paper we abstract this compatibility by introducing the concept of the double counting
property for such a family of progressions P’. We will define this property formally in
Definition 3.4 below, but we describe just one typical consequence of this property: if
one has a “H x N-rectangle”

E = (CL + hr + ns)(hm)e[H]X[N]

for some integers a and natural numbers r, s, H, N, where N is much larger than H
(which is in turn also assumed to be large), and all of the H “columns” (a+hr+ns)ne[n,
h e [H] lie in P’, then almost all of the N “rows” (a + hr + ns)perny, 7 € [IN] also need
to lie in P’; see Proposition 3.5(ii) for a precise statement. The analysis in [9, Section
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3] can then be abstracted into a standalone statement (Corollary 3.7 below) that does
not require inputs such as van der Waerden’s theorem or the regularity lemma to prove.

1.1. Some ideas of the proof. We now give an informal discussion of some of the
ideas used in the arguments in this paper. We begin with a discussion of a derivation
of Roth’s theorem from Theorem 1.6, which is a relatively simple implication that
nevertheless uses many of the key methods of the paper, omitting the formal details
which may be found in Section 5.3. The first step is to observe (by a standard and
elementary argument) that Theorem 1.6 implies a “bounded” variant, in which the set
S now has density at least 1 — 77 inside a single, sufficiently large interval [N] (where
N is large compared to the number of colours used), as opposed to being an infinite set
of upper Banach density at least 1 — ﬁ; see Theorem 5.2 below for a precise statement.
Now let A be a set of integers with positive upper Banach density. Let § be the upper
density of A along all arithmetic progressions, that is to say

§ = limsup sup i|{n € [N]:a+nreA}|.
Noow aeZreN N
Szemerédi’s theorem (Theorem 1.2) implies that in fact § is equal to one, but we cannot
invoke that theorem currently as that would be circular; the best we can say for now is
that 0 < 0 < 1. By construction, A has density at most 0 + o(1) along any arithmetic
progression P as the length of that progression goes to infinity, and has density equal
to 0 + o(1) for some sequence of arithmetic progressions of length going to infinity.

We will informally® refer to a (long) arithmetic progression as “saturated” if A has
density § 4+ o(1) along that progression. By a double counting argument, we will be
able to find parameters 1 < L < H < N (with L large, H much larger than L, and N
much larger than H or L), and a N-AP U = (U(1), ..., U(N)), such that if one denotes
S’ to be the set of all n € [N] for which the H-AP (U(n + h))ne[m is saturated, then
S’ will have density at least 1 — 1OLL' Furthermore, one can colour S’ by 27 colours by
assigning to each n the set {h € [H] : U(n+ h) € A} as a colour. One can then apply
(the bounded version of) Theorem 1.6 to conclude that there is a “perfect” colour class
A’ of 8" and a family (B)e[z) of 3-APs P, such that for all [ € [L], P(1) and P,(2) lie
in A" and F;(3) lie in S', while the L-tuple (P(3)).e[z) forms an L-AP.

To prove Roth’s theorem, we will restrict attention to 3-APs of the form
(U(A(1) + Q1)) U(R(2) + Q(2)), U(RB) + Q(3)))

where I € [L] and @ = (Q(1), Q(2), Q(3)) is a 3-AP in [H]. It is easy to see that such
3-tuples are automatically 3-APs. Because F(1) and P;(2) lie in the colour class A’, we
will have U(P(1) + Q(1)),U(P(2) + Q(2)) € A precisely when Q(1) and Q(2) lie in the
“perfect colour” P < [H] associated to the colour class A’. Crucially, this class does not
depend on the parameter [. If one then lets E < [H| denote the collection of all numbers

3To make this rigorous, one needs to carefully choose an explicit decay rate for o(1); see the proof of
Theorem 3.6. The terminology of “saturated” and “perfect” progressions is adapted from the original
paper [9] of Szemerédi.
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Q(3), where Q is a 3-AP in H with Q(1),Q(2) € P, then it is not difficult to show that
E has positive density in [H] (with the bound depending only on 4). To finish locating
a 3-AP in A, it thus suffices to find [ € [L] and h € E such that U(F,(3) + h) € A.

Now consider the H x L-rectangle

B i= (U(P(3) + W) uipetms)

By construction, all of the L rows (U(F;(3) + h))ne[r],! € [L] of this rectangle are
saturated. A double counting argument then implies that most of the H columns
(U(Pi(3) + h))ierry, h € [H] of this rectangle are also saturated; in particular, we can
find i € E such that the associated column (U (F;(3)+h))e[z] is saturated. In particular,
this column will contain an element of A, and we are done.

A key step in the above argument was the location of a “good” [ € [L] for which the set
{heE:U(P(3)+ h) e A}

was well controlled (and in particular was non-empty). For the more general arguments
below (and in particular when trying to derive Theorem 1.6 from Theorem 1.5), it will
turn out that we will need an [ which is “good” for multiple sets E,, < [H] simul-
taneously, where w ranges over some large finite index set W. If the index set W is
bounded, then it turns out that one can accomplish this by combining the above double
counting arguments with van der Waerden’s theorem (Theorem 1.1), roughly speaking
because the latter theorem allows one to restrict to a long arithmetic progression of [’s
in which the behavior of each of the sets E,, “is constant in {”. On its own, this van
der Waerden argument is insufficient to treat the case when W is extremely large; how-
ever, if one combines the argument with the weak regularity lemma (or more precisely,
Corollary 1.4) then one can treat this case also (at the cost of losing control of a tiny
fraction of the E,), basically by using the regularity lemma to reduce back to the case
of boundedly many sets. For the formal details of this argument, see Section 4.

The proof of Szemerédi’s theorem (Theorem 1.2) in full generality proceeds along sim-
ilar lines, except that the statements C(3,{2}) and C(3,{3}) that were formalised in
Theorem 1.5 and Theorem 1.6 respectively must be replaced by a longer sequence of
more comphcated statements C (K Q) of this type, in which one works with progres-
sions P~ parameterised by a tuple I € [L]? rather than a scalar [ € [L]. We present a
typical Such statement here; for the general case, see Claim 6.1 below.

Theorem 1.7 (C(4,{2,4})). Let L be a natural number, and let S be a set of in-
tegers of upper Banach density at least 1 — €, where € > 0 s sufficiently small de-
pending on L. Suppose that S is partitioned into finitely many colour classes. Then
there exists a colour class A < S, together with a family (Pl2 1) (o )e[L]? Of 4-APs
Plz,l4 = (Pl2,l4( )7 Plz,l4 (2)7 Plz,l4 (3)7 Plz,l4 (4)) indezed by a pair (l27 l4) [L]27 Obeyzng the
following properties:

(i) For all ly,ly € [L], Py, is contained in S.
(i) For allly,ly € [L], Py, (1) lies in A.
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(iii) The colours of P, 1,(2) and P, ,,(3) are allowed to depend on ly, but are indepen-
dent of ly, thus for instance Py, ;,(3) and P,y (3) have the same colour whenever
lg, l4, ZZ € [L]

(iv) For anyly € [L], the tuple (P, 1,(2))ie[r s an L-AP. Similarly, for anyly € [L],
the tuple (P, ,(4))i,e[r) s an L-AP.

The bulk of the proof of Theorem 1.2 is then concerned with taking statements C'( K, §2)
(of which Theorem 1.7 above is typical) and using them to establish further statements
C(K, ) of the same type. For instance, the statement C(4,{2,4}) above will be used
to prove C'(4,{1,2,4}), which will in turn be used to establish C'(4, {3, 4}), and so forth;
the procedure here is analogous to that of incrementing a binary decimal (note that
22-1 4+ 2471 = 10 increments to 27! 4+ 227! 4+ 2471 = 11, which in turn increments
to 2371 4+ 241 = 12). In particular, the proof of Theorem 1.2 for K-APs will require
O(2%) implications of this form. (In the case of Roth’s theorem, we will use an ad hoc
shortcut to get from C(3, {2}) directly to C(3, {3}), without the need to pass through
an auxiliary statement C(3,{1,2}).)
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and terrytao.wordpress.com/2012/03/23. The author is indebted to the other mem-
bers of the group for suggestions, encouragement, and much valuable discussion, and to
Paul Epstein and the anonymous referee for a careful reading. The author is supported
by NSF grant DMS-1266164, the James and Carol Collins Chair, and by a Simons
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2. NOTATION

As usual, we use the asymptotic notation X = O(Y’) to denote the estimate | X| < CY
for an absolute constant C'. If instead we need the constant to depend on one or more
parameters, we will denote this by subscripts, thus for instance X = O(Y") denotes the
estimate | X| < CrY for some C) depending on k.

A prominent feature of Szemerédi’s arguments in [9] is the presence of a large number
of parameters, most of which are assumed to be either very large or very small with
respect to previously introduced parameters. To formalise this, it is convenient to use
the following somewhat exotic asymptotic notation: when we write X < Y, we mean
that Y is a real number that is sufficiently large depending on X and all free variables
that occur to the left of X, thus we have Y > F(X,...), where F' is a suitable fixed
function of X and all preceding free variables. We also write X < % to denote that Y
is a sufficiently small positive real depending on X and all preceding free variables. We
illustrate this notation with some examples involving a sequence f, : R — R, n € N of
functions:

dvi
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e The functions f, are individually continuous iff, for every n € N, every x € R
and all 0 < 1 < 3, one has |f,(y) — fu(2)| < ¢ whenever y € R with |y — 2| <.

e The functions f, are individually uniformly continuous iff for every n € N and
for all 0 < 1 < 3, one has | f,,(y) — fu(2)| < € whenever z,y € R with [y —z] < 6.

e The sequence f, is equicontinuous iff, for every x € R and all 0 < % < %, one
has |f.(y) — fu(x)] < & whenever n € N and y € R with |y — z| < §.

e The sequence f, is uniformly equicontinuous iff, for all 0 < % < %, one has
|fu(y) — fu(x)| < & whenever n € N and z,y € R with |y — z| <.

We will often concatenate several instances of above asymptotic notation; for instance,
if we write X,Y < Z < W, this means that Z is sufficiently large depending on X,Y
and preceding free variables, while W is sufficiently large depending on X, Y, Z, and
preceding free variables.

If Pis a K-AP, we write |P| = K to denote its length, and use AP to denote the
collection of all arithmetic progressions P (of any length). If P is a K-AP, we define the
uniform probability measure pz on P to be the measure on Z defined by the formula

ns(A) = (i € [K]: Pli) € A}

for all A < Z. As the name suggests, 15 is nothing more than the uniform probability
measure on {P(1),..., P(K)}.

Let L, H be natural numbers. We define a rectangle of length L and height H, or a
L x H-rectangle for short, to be a tuple of the form

é = (a +Ir + hs)(l,h)e[L]x[H]

with @ € Z and r, s € N. Note that we do not insist that the LH integers a + r + hs
for (I, h) € [L] x [H] are all distinct, although this will automatically be the case if we

hold [ fixed, or if we hold h fixed. As with progressions, the rectangle R induces an
affine-linear increasing function R : Z? — Z from Z? (with the product ordering) to Z,

defined by
R(l,h) =a+Ir+ hs

for (I, h) € Z. We define the rows Ry, h € [H] of the rectangle R to be the L-APs
Ry = (R(L,h))iery

and similarly define the columns R, | | L] of the rectangle to be the H-APs
R' = (R(1,h))nerm:

see Figure 7. We define the uniform probability measure pz on the rectangle R by the
formula

1
— (. h) € [L] x [H] : R(L,h) € A}

We caution that this is the uniform measure on the multi-set {R(l, h) : (I, h) € [L]|x[H]},
in which one takes into account the possible multiplicity of representation of a given

p(A)
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FIGURE 7. A rectangle R of length L = 3 and height H = 5 and a
selection of its entries, together with the row Rs and column R?.

integer in the form R(l, h) for (I,h) € [L] x [H]. We observe the basic double counting
identity

1 1

HE=T D0 B =T D M (2.1)

H h L
he[H] le[L]

Given two probability measures p,v on the integers Z, we define the total variation
distance dpy (ju, v) between them by the formula

drv(p,v) = sup [u(A) —v(A)]. (2.2)

We have the following simple but important computation, that allows one to approxi-
mate the uniform distribution on a long arithmetic progression by the uniform distri-
bution on a rectangle with one long side and one much shorter side:

Lemma 2.1. Let 1 < H < N be natural numbers, and let P be an N-AP. Let R be the
H x N-rectangle

R = (P(i + J)).a)elH]x[N]-
Then drv (up, pir) < 2%

Proof. Let A c Z. Then

a(A) = N_thZ[;,] {ne[N]+h: P(n) e A}

and hence
1
ni(A) = np(A) = = >, ({ne [N]+h: P(n) € A}| - |{n€ [N]: P(n) € A})).
he[H|
But [N] and [N] + h differ by at most 2H elements, giving the claim. O

3. DENSITY ALONG PROGRESSIONS

Let P < AP be a collection of arithmetic progressions. We say that P is unbounded if
the set {|P| : P € P} is unbounded, that is to say P contains arithmetic progressions
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of arbitrarily large length. If P is unbounded and A < Z, we define the upper density
dp(A) of A along P by the formula
dp(A) == limsup pp(A)=inf sup pps(A)
|Pl—c0:PeP €2 Pep.|P|=N
and similarly define the lower density

dp(A) == liminf pgs(A) =sup inf pp(A).
| B|—o0: PeP NeZ PeP:|P|=N

Clearly one has B

0<dp(A) <dp(A) <1
If we have d(A) = dp(A), then we denote this quantity by dp(A), and say that A has
density dp(A) along P. Otherwise we say that A does not have a density along P.

—

Examples 3.1. If P is the collection of initial segments [N]|, N € N, and A is a subset
of N, then dp(A), dp(A), and (if it exists) dp(A) are the upper natural density, lower
natural density, and natural density of A respectively. Similarly, if P is the collection
of shifted intervals a + W] with @ € Z and N € N, and A < Z, then dp(A) is the
upper Banach density BD(A) of A. One could make a similar remark for lower Banach
density or Banach density, but we will not use these concepts in this paper.

Remark 3.2. Szemerédi’s theorem (Theorem 1.2) implies (and is in fact equivalent to)
the assertion that any set of positive upper Banach density will have density 1 along
AP. Unfortunately, we are not allowed to use this fact in the proof of Theorem 1.2, as
it will be circular! Nevertheless, this observation does imply that many of the results in
this paper become rather trivial to prove once one is permitted to invoke Szemerédi’s
theorem.

One can interpret upper density or density using the asymptotic notation from the
previous section. Indeed, if P is an unbounded family of progressions and A < Z, then
whenever one has parameters

1
I<-<N
€

then one has B
ip(A) < dp(A) + £ (3.1)

whenever P is an arithmetic progression in P of length at least N; furthermore, we have
the stronger claim

1p(A) — dp(A)| <& (3.2)
for at least one such progression P. If A has a density along P, then in fact we have
1p(A) — dp(A)| < (33)

for all progressions Pin P of length at least N.

It is easy to verify the subadditivity property

of upper density whenever A,B < Z and P is an unbounded family of progressions.
[terating this, we immediately conclude
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Lemma 3.3 (Pigeonhole principle for upper density). Let P < AP be an unbounded
family of arithmetic progressions. If S < Z has positive upper density along P, and S
15 partitioned into finitely many colour classes, then at least one of the colour classes
will also have positive upper density along P.

We now come to a key property of certain families of arithmetic progressions.

Definition 3.4 (Double counting property). A collection P < AP of arithmetic pro-
gressions is said to have the double counting property if, whenever one has

1
1< - <L < Lo, (3.5)
e

then whenever 1%1 is an L; x Hi-rectangle for some H;p, and ﬁg is an Ly x Ho-rectangle
for some Hs,, with the property that
1

drv (g, mg,) < 7- (3.6)
1

and such that all the Hs rows (éz)i,z' € |Hz] of ]?2 lie in P, then all but at most e H; of
the Hy rows (Ry);,1 € [H] of Ry lie in P.

Informally, the double counting property asserts that if an arithmetic progression of
Ly-APs (Ry); are in P, and one “rearranges” these progressions (up to a small error)

into a progression of much shorter L;-APs (ﬁl)i, then most of these shorter progressions
will also lie in P.

Our main application of the double counting property will proceed via the following
proposition:

Proposition 3.5. Let P < AP be a family of arithmetic progressions with the double

counting property. Select parameters

1
1<-<H<N.
€

(i) If P is an N-AP in P, then for all but at most eN of the elements n of [N], the
H-AP
(P(n + h))he[H]
lies in P.
(ii) If R is a H x N-rectangle such that all H columns B", h € [H] of R lie in P,
then all but at most eN of the rows R,,n € [N] lie in P.

Proof. To prove (i), we apply Definition 3.4 with R; being the H x N-rectangle
Ry = (P(n + h))(hn)e[H]x[N]
and Ry being the N x 1-rectangle
Ry = (P(n))(n,1)e[N]x[1]-
The claim then follows from Lemma 2.1.
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To prove (ii), we apply Definition 3.4 with R, being the H x N-rectangle R, and R,
being the N x H-rectangle

Ry = (R(h,n))nn)e[N]x[H]

which can be thought of as a “transpose” of R. The claim then follows from (2.1). O

Clearly AP has the double counting property. The main result of this section is that
one can effectively upgrade upper density to density while retaining the double counting

property:

Theorem 3.6 (Upgrading upper density to density). Let P < AP be an unbounded
family of progressions with the double counting property. Let A < Z have upper density
0 along P for some 0 < 6 < 1. Then there exists a unbounded subfamily P' < P of P
with the double counting property, such that A has density 6 along P’.

Proof. We need a decreasing sequence ¢(N) > 0 of positive numbers that goes to zero
as N — oo in a sufficiently slow fashion; this will be specified more later. We define P’
to be the set of all arithmetic progressions P € P such that

p(A) = 3| < (| P)). (3.7)

(In the language of Szemerédi’s paper [9], P’ consists of those arithmetic progressions
in P that are “saturated” with respect to A.)

By (3.2), we see that for any ¢ > 0, there exist arithmetic progressions Pe P of
arbitrarily large length with |pus(A) — ] < e. Thus, if the sequence c is sufficiently
slowly decaying, P’ will also contain arithmetic progressions of arbitrarily large length,
and will thus be unbounded. As ¢ goes to zero, we see from (3.7) that A has density ¢
along P’.

It remains to show that P’ has the double counting property. Let e, L1, Lo, Hy, Ho, fil, ]%
be as in Definition 3.4. For the purposes of (3.5), we consider the family P, the function
¢, and the set A to be free variables; thus for instance, Lo is assumed sufficiently large
depending on Li,e,¢, P, A.

From (3.7) and (3.5) we have

1

Ky, (A) =0 — i

for all h € [Hy]. Averaging in h using (2.1), we conclude that

1
s (A) =6 — —,
,URQ() L

and thus by (3.6), (2.2) and the triangle inequality, we have
2

s (A)=>0——.
,URl() L



SZEMEREDI'S PROOF OF SZEMEREDI'S THEOREM 17

Applying (2.1) again, we obtain

2
2 Ky, (A) = (5 - L_l) Hy.

hE[Hl]

As P had the double counting property, we see that all but n(L,)H; of the rows (El) h
h € [H,] lie in P, where n(L;) is a quantity that goes to zero as L; — oo, but does not
depend on c¢. Thus we have

S @)= (57 nw) m (33)
he[H1]:(R1)neP
Next, from (3.1) one has
Hiiiyy, (A) <0 +1'(La)
for all h in the above sum, where 1/(L;) is a quantity that goes to zero as L; — oo, but
does not depend on c. We can then rewrite (3.8) as

/ 2 !
S @) = iy (A) < (1 0l + (L)
he[H:]:(R1)neP !

and hence by Markov’s inequality, one will have

2 (2
064+ (L0) i, (A) < 2 (7 40l + (L)) (5.9)
for all but at most ¢H,/2 of the h € [H;] with (R;), € P. For ¢ sufficiently slowly
growing, we then have from (3.5) that

|“(R1)h(A) — 0] < c(Ly)
for all but at most e H; of the h € [H;], and the claim follows. O

We will rely primarily on the following corollary of Theorem 3.6, which roughly corre-
sponds to the content of Section 3 of Szemerédi’s original paper [9].

Corollary 3.7 (Saturated progressions and the perfect colour). Let S < Z be a set of
integers with a positive upper density o > 0 along AP. Suppose that there is a colouring
c:S — C of S by a finite collection C of colours. Then there exists a “perfect” colour
p € C, with associated colour class A = {s € S : ¢(s) = p}, as well as an unbounded
family P < AP of “saturated” arithmetic progressions with the double counting property,
such that A has a positive density 6 > 0 along P, and additionally S has density o along
P.

Proof. Applying Theorem 3.6 with P replaced by AP and A replaced by S, we can
find an unbounded family P’ ¢ AP of arithmetic progressions with the double counting
property, such that S has density o along P’. By Lemma 3.3, there exists a colour
p € C whose associated colour class A has a positive upper density 4 > 0 along P’.
Applying Theorem 3.6 a second time (with P replaced by P’), we can find an unbounded
subfamily P < P’ of P’ with the double counting property, such that A has density ¢§
along P. The density o of S along P’ is of course inherited by the unbounded subfamily
P, and the claim follows. O
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4. USING VAN DER WAERDEN’S THEOREM AND THE REGULARITY LEMMA

To motivate the main results of this section we begin with an informal discussion.
Suppose one has an L x H-rectangle R (with 1 <« L < H), and suppose that A is a set
of integers that has density close to d on all the columns R, [ ¢ [L] of R, thus for each
[ € [L] one has

|{h e [H]: R(l,h) € A}| =~ 6H.
If E is a given subset of [H], then if A was suitably “mixing” in nature, one may then
expect to have

{he E: R(l,h) e A}| = J|E|
for a “typical” choice of [ € [L]. In general, one would not expect this sort of claim to be
true for any given set E, let alone for a large family E,, of such sets. However, it turns
out that thanks to van der Waerden’s theorem (Theorem 1.1) with the weak regularity
lemma (in the form of Corollary 1.4), one can obtain a useful result of this type for
at least one choice of [ € [L], if the rows R of the rectangle belong to an unbounded
family of arithmetic progressions with the double counting property, and along which
A has density §. More precisely, in this section we prove

Theorem 4.1 (Mixing lemma). Let P be an unbounded family of arithmetic progres-
sions with the double counting property, and let A < Z have a density 0 along P. Let

1
1<-<L<H,
9

and let R be an L x H-rectangle such that all the columns R',1 € [L] lie in P.

(i) (Single mizing) If E c |H|, then there exists | € [L]| such that
l{he E: R(l,h) e A}| = 6|E| — cH.

(i) (Multiple mizing) If A is a natural number with A < L, and Eq,... , E, c [H],
then there exists | € [L] such that

I{h € Eq : R(I,h) € A} — 6|E|| < cH

for all a € [A].
(iil) (Highly multiple mizing) If (Ey)wew @ a family of subsets E,, < [H] of [H]
indexed by some finite set W, then there exists | € L] such that

|{h e Ey : R(l,h) € A}| —|E,|| <eH
for all but at most e|W| of the w e W.

A key point in (iii) (as compared to (ii)) is that there is no upper bound on the car-
dinality of W. The ability to make assertions that are uniform in such “vertex sets”
W, and thus pass from (ii) to (iii), is entirely thanks to the (weak) regularity lemma.
Meanwhile, the ability to pass from assertions (i) about a single set, to assertions (ii)
about multiple sets, is entirely thanks to the van der Waerden theorem. This mixing
lemma corresponds (very roughly) to the proof of [9, Lemma 4] and portions of [9,
Lemma 5].
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Proof. We begin with (i), which is proven by a standard double-counting argument. By
Proposition 3.5(ii), all but $H of the rows Ry, h e [H] lie in P. By (3.3), one has
L&, (A) = § — § for all such rows. In particular, for all but at most $H of the h € E,
we have

{le[L]: R(I,h) e A}| = (5 - g) L
and hence on summing over these h and then double counting,

Y {heE:R(I,h) e A}| > SL|E| — cLH.
le[L]

By the pigeonhole principle, we can thus find [ € [L] such that
{he E: R(l,h)e A}| = 0|E| — cH,
giving (i).
Now we prove (ii). We may assume that there is a natural number L’ with
1
~A< L < L.
€
We can assign to each [ € [L] a colour ¢(I) = (ca(1))aefa) € {—1,0, +1}*, where for any
a € [A], ¢.(l) is defined to equal —1 if
{he E, : R(l,h) € A}| < §|E,| — eH,

to equal +1 if

l{h e E,: R(l,h) e A}| > §|E,| + c¢H,
and to equal 0 if

Il{h e B, : R(,h) € A}| — 6|E,|| < H.
The number of colour classes here is 34, which is small compared with L’ or L. By
Theorem 1.1, there exists an L'-AP @ in [L] and a colour ¢ = (Ca)aefa) € {—1,0,+1}4
such that ¢(Q(l')) = c for all I' € [L].

Suppose that ¢, = —1 for some a € [A]. Then we have
{h e Ea s ROQ(), 1) € A}| < 8[| — =H
for all I’ € [L']. But then the L' x H-rectangle
(R(QW), ) @ e«

contradicts part (i) (with E replaced by E,). If instead ¢, = +1 for some a € [A], then
we have for all I’ € [L] that

{h e E,: R(Q(l"),h) € A}| > d|E,| + cH
while from (3.3) we have
[{he[H]: R(Q(l'),h) e A}| <0H + %SH

and hence
the HNE. : RQU). h) € AY| < S|[H]\E| — jeH
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This contradicts part (i) (with E now replaced instead by [H]\E, and ¢ replaced by
£/2). Thus we must have ¢, = 0 for all a € [A]. Setting [ to be one of the elements of
Q (e.g I = Q(1)), we obtain the claim.

Finally, we prove (iii). Using Corollary 1.4, we can find a partition [H] = Vi u---0V4
with A = O.(1), and real numbers 0 < ¢, < 1 for a € [A] and w € W, such that for
any set C  [H], one has

ICAE, — Y culCn V| < %H (4.1)
a€[A]

for all but e|W|/2 values of w e W.

By part (ii) (with the E, replaced by V), we can find [ € [L] such that

lhe Va: R h) € AY| = 0|Vl < 53 H
for all @ € [A]. In particular, from (4.1) (with C := {h € [H] : R(l,h) € A}) and the
triangle inequality one has

2

{heBy: RILA) €AY =5 Y caulVal| < §
a€[A]

for all but e|W|/2 values of w € W; from a further application of (4.1) (with C := [H])

we also have

H

€
E,| — V.| <-H
om Z Cayw|Val 3
ag[A]
for all but e|W|/2 values of w € W. The claim (iii) now follows from the triangle
inequality. U

5. ROTH’S THEOREM

To demonstrate the above tools in action, we now prove Theorem 1.5, Theorem 1.6, and
Roth’s theorem (the K = 3 case of Theorem 1.2). Our proofs will be slightly ad hoc
in nature in order to achieve certain shortcuts in the proof, and will thus differ slightly
from the lengthier but more systematic arguments in the next section used to prove the
general case of Theorem 1.2.

5.1. Proof of Theorem 1.5. Let L be a natural number, let S < Z have upper Banach
density at least 1 — ﬁ, and suppose S is partitioned into finitely many colour classes.
Then there exists an interval h + [N] with L < N, such that
1
IS (h+[N])| = (1—9—L)N (5.1)

(say). In particular, we can find ng € [| 2] such that h + ng € S. We let A denote the
colour class that h + ngy belongs to.
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Call a natural number r € [|F]] good if h + ng + r,h + ng + 2r both lie in S, and bad
otherwise. Since h + ng + r and h + ng + 2r both lie in h + [N], we see from (5.1) that
there are at most &= N bad elements of [| 5 ]]. By the pigeonhole principle, we conclude
that [[§]] contains an interval ny + [L] that consists entirely of good elements. If one
now defines
P, = (h+ng, h+ng+ (ny + 1), h +ng + 2(ny +1))

for all [ € [L], we see that all the required conclusions of Theorem 1.5 are satisfied. (In
fact we have constructed a configuration in which one has the collision 151(1) = ... =

Pp(1), but this is not prohibited in the statement of Theorem 1.5.)

5.2. Proof of Theorem 1.6. Before we begin the proof of Theorem 1.6, we observe
that Theorem 1.5 implies the following more “bounded” version.

Theorem 5.1 (C'(3,{2})). Let
1<L<M<N,

and let S be a subset of [N] of cardinality at least (1 — o)N. Suppose that S is
partitioned into M colour classes. Then there exists a colour class A < S, together

with a family (ﬁ)le[L] of 3-APs P, = (P,(1), Pi(2), P(3)) indezxed by L € [L], obeying the
properties (i), (ii), (iv) of Theorem 1.5.

Proof. Suppose for contradiction that Theorem 5.1 failed. Then there exist parameters
1< L <M,

a sequence N, i € N going to infinity, and sets S; < [N;] of cardinality [S;| = (1—137)N;
with M-colourings ¢; : S; — [M], such that the conclusions of the theorem do not hold
with N, S replaced by N;, S; for any i. We may recursively find translates h; + [V;] of
[V;] such that the intervals h; + [N;] are disjoint, and such that for any i € N, any 3-AP
or L-AP that contains at least two elements in | J,_, hy + [Ny] will be disjoint from
h; + [N;]; in particular, as L > 3, any 3-AP or L-AP that lies in | J,.y 2 + [V;] must in
fact lie in a single one of the h; + ;.

Now set S := |J,en hi + Si, then S has upper Banach density at least 1 — 10%7 and any
K-AP or L-AP that lies in S in fact must lie in a single one of the h; + S;. We can
M-colour S by assigning to each h; +n; € h; + S; the colour ¢;(n;) € [M].

Applying Theorem 1.5, we can find a family (ﬁl)le[L] of K-APs P, that obey the con-
clusions (i), (ii), (iv) of that claim for S. By construction of S and conclusion (i), each

of the P, must lie in exactly one of the h; + S;; by conclusion (iii), this index 7 is inde-

pendent of [. If one now translates all of the P by —h;, one contradicts the claim that
S; does not obey the conclusions of the theorem, and the claim follows. 0

Actually, as the proof of Theorem 1.5 was so short, it is not difficult to modify it to
provide a direct proof of Theorem 5.1; we leave the details to the interested reader.
However, we give the argument above instead, as we will use it later in this paper.
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Now we prove Theorem 1.6. Let L be a natural number, let S © Z have upper Banach
density at least 1 — 10%7 and suppose S is partitioned into finitely many colour classes.
Write o for the upper density of S along AP, thus* ¢ > 1 — 1OLL' Applying Corollary
3.7, one can find a colour class A of S and an unbounded family P < AP of arithmetic
progressions with the double counting property, such that A has a positive density 6 > 0

along P, and S has density o along P.

Now choose parameters

1
L5<D<H<N.

As P is unbounded, it contains an N-AP U for some N > N'. Let S’ — [N] denote
the set of all n € [N] such that the H-AP (U(n + h))ne[m lies in P; also for technical
reasons we require also that

(U(n + h))

0.9H<h<H:h=0 mod 2

and
(U(n+ h))

also lie in P. From Proposition 3.5(i), we have

1
T>(11-— N.
1S ( 10L'>

We can also colour &' in 2 colours, by assigning to each n € &’ the colour

{he[H]:U(n+h)e A} c [H].

0.9H<h<H:h=1 mod 2

Applying Theorem 5.1, one can find a colour class A’ of S’; together with a family
(Pr)verrn of 3-APs, obeying the following properties:

(i) For all I’ € [L'], Py is contained in §'.
(ii) For all I’ € [L'], Py(1) lies in A’.
(iv) The tuple (Py(2))re[ry is an L'-AP.

See Figure 8.

Let P < [H] denote the colour associated to A’ thus by property (ii) we have
{he[H]:U(P:(1)+h)e A} =P
for all I’ € [L']. By property (i), the H-AP (U(Py(1) + h))neay lies in P; as A has
density 0 along P, we conclude from (3.3) that
M;éH
2
(say).

In [9, Fact 6], a separate application of van der Waerden’s theorem is used to exclude the case
o = 1, but in the arrangement of the argument given here, there is no need to do so, leading to a slight
additional simplification.
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Pi(1) Pr(1)

FIGURE 8. Each element Py (k) for I' € [L'] and k € [3] gives rise to
an H-AP (Py(k) + h)ne[a, which will almost certainly lie in [N]; these
are depicted here as tall rectangles. When k& = 2,3, these rectangles are
associated to S’ (and are depicted here in grey), implying in particular
that the H-AP (U(Py(k) + h))nepmy is “saturated” in the sense that it
is almost entirely occupied by S and also occupied with positive density
by A. When k = 1, these rectangles additionally lie in the colour class
A’ (and are depicted here in blue), implying in particular that the set
P={hel[H]:U(P/(1)+h)e A} is “perfect” and does not vary with I’.
The H-APs (U(Py(2) + h))nemy for ' € [L'] combine to form an L' x H-
rectangle, to which Theorem 4.1 may be profitably applied.

For technical reasons we need to remove the topmost portion of P from consideration.
From Proposition 3.5(i), we see that for I’ € [L'], the L'-APs (U(Pr(1) + h +1))ie[r lie
in P for all but -2~ H of the h € [H], which from (3.3) implies that

P~ (h+[L'])] < 26L

100

for all but >~ H of the h € [H]. By a covering argument, this implies that

100

{heP:thH}
10

and hence

{heP:h<gH}
10

<

\%
R )
=

o
-H
4 )
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|

I Iz Iz
FIGURE 9. Three copies of the interval [H]|, displayed separately for vi-
sual clarity. The left-most copy of [H] is for parameterizing the “per-
fect” H-APs (U(Py(1) + hi1))n.ern) appearing in blue in Figure 8; the
blue portion of this copy depicts the set appearing in (5.2); we have
U(Py(1) + hy) € A for all hy in that set. The right-most copy of [H] is
for parameterizing the H-APs (U(FPy(3) + h))nern); we will only utilise
the upper tenth of these H-APs, in which h > %H . The middle copy of
[H] parameterises the vertical components (U(FPy(2) 4 ha))n.e(n) of the
rectangle é; The green portion of this copy depicts the set E;, associated
to some h € W.

In particular, by the pigeonhole principle there exists a parity i € Z/27 such that

o
heP:h<gH;h=imod2 > —-H. (5.2)
10 8
Let W consist of all natural numbers h with %H < h < H and h =7 mod 2, thus
1
W|=>—H 5.3
W= o (53)

(say). From (5.2) we see that for all h € W, there are at least $H 3-APs Q in [H] such

that Q(1) € P and Q(3) = h. Let E;,  [H] denote the set of all Q(2), where @ ranges
over the previously mentioned 3-APs, thus we have

5
Bl > SH (5.4)

for all h € W. See Figure 9.
By property (iv), the tuple
R = (U(Pr(2) + 1) @ e

is an L' x H-rectangle, and by property (i), all the columns R, ' € [L'] of this rectangle
lie in P. Applying Theorem 4.1(iii) and (5.4), we may thus find I’ € L' such that

{W e Ey:U(P(2)+1h')e A} >0 (5.5)
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for all but —— H of the h € W. Also, from (i) we see that the H-AP (U(Py(3) + h))new

100L

lies in P, which implies in particular (since S has density at least 1 — H)LL along P) that

U(P:(3)+h)eS (5.6)
for all but at most %H of the he W.

Comparing these facts with (5.3), we see that W must contain an L-AP hy + 2 - [f])
such that (5.5) and (5.6) hold for all h € hy +2- m Thus, for each h € hy +2- m, one
can find a 3-AP @, in [H] such that Q,(1) € P, U(Py(2) + Qu(2)) € A, and Q1 (3) = h.
One can then verify that the family

(U(Pr (1) + Qnros2u(1)), UPr(2) + Qnor2(2)), U(Fr (3) + Qnog21(3)))) e
of 3-APs satisfy the required properties for Theorem 1.6.

5.3. Proof of Roth’s theorem. To prove Roth’s theorem, we first observe that The-
orem 1.6 implies a bounded version:

Theorem 5.2 (C'(3,{3})). Let
1<L<M<N,

and let S be a subset of |[N]| of cardinality at least (1 — H)LL)N. Suppose that S is

partitioned into M colour classes. Then there exists a colour class A < S, together
with a family (P)err) of 3-APs Py = (Pi(1), P(2), P(3)) indexed by | € [L], obeying the
properties (i), (i), (i) of Theorem 1.6.

The derivation of Theorem 5.2 from Theorem 1.6 is identical to the derivation of The-
orem 5.1 from Theorem 1.5 and is omitted.

Now let A be a set of positive Banach density. Let § be the upper density of A along
AP, thus 0 < § < 1. By Theorem 3.6, we may find an unbounded family P < AP of
arithmetic progressions with the double counting property such that A has density ¢
along P.

Now select parameters
1
5 < L<H<N.

As P is unbounded, we can find an N-AP U = (U(n))ne[ny in P for some N = N'. Let
S’ < [N] denote the set of all n € [N] such that the H-AP (U(n+ h))pera lies in P; also
for technical reasons we require that (U(n + h))ne[r 21 also lies in P. From Proposition

3.5(i) as before, we have
1
">(1—-—|N.
S ( 1OL>

Once again, we colour S’ in 2 colours, by assigning to each n € S’ the colour
{hel[H|:U(n+h)e A} c [H].

Applying Theorem 5.2, one can find a colour class A’ of S’ together with a family

(Py)ierr of 3-APs, obeying the following properties:
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Py(1)

FiGURE 10. The analogue of Figure 10 after applying Theorem 5.2. Now
it is the L x H rectangle (U(F,(3) + h))(npe[aixr, to which Theorem 4.1
may be profitably applied.

(i) For all l € L], P, is contained in .
(ii) For all l € [L], P(1) and BF(2) lie in A".
(iv) The tuple (P(3))[z] is an L-AP.

See Figure 10.
Let P c [H] denote the colour associated to A’, thus by property (ii) we have
{he[H]:UR()+h)e A} ={he[H]:UP2)+h)e A} =P
for all [ € [L]. By property (i) and (3.3) as before, we have
|P| = gH
and also (since 4 is the upper density of A along AP)

P A [H/2]| = 2H.

YRS

(5.7)
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E/E/:

[H] (H] (H]

FiGURE 11. The analogue of Figure 9. The green portion of the third
copy of [H] depicts the set E.

Let E < [H] denote the set of all numbers of the form Q(3), where @ = (Q(1), Q(2), Q(3))
is a 3-AP in [H] with Q(1),Q(2) € P; see Figure 11. By choosing Q(1), Q(2) to be ele-

ments of P n [H /2] in increasing order, we see that

|E| » 6*°H. (5.8)

By property (iv), the tuple
R = (U(Pi(3) + b)) myeizixiz]

is an L x H-rectangle, and by property (i), all the columns R le [L] of this rectangle
lie in P. Applying Theorem 4.1(i), we can find [ € L such that

{he E:U(P(3)+ h) e A}| >0,
thus we can find a 3-AP @ in [H] with Q(1),Q(2) € P and U(P,(3) + Q(3)) € A. The

3-AP
(U(A(1) + Q1)) U(R(2) + Q(2)), URB) + Q(3)))
then lies in A, proving Roth’s theorem.

6. SZEMEREDI’S THEOREM

We now present the proof of Theorem 1.2 in full generality, using a variant of the
arguments of the preceding section. The following key claim C'(K, 2) (essentially “Fact
12”7 from [9]), defined for any K > 3 and Q < [K], will play a crucial role in the
argument.

Claim 6.1 (C(K,Q)). Let
1
1<L<-.
5

Let S © Z have upper Banach density at least 1 — e, and let ¢ : S — C be a colouring
of S by some finite set C of colours. Then there exists a “perfect” colour p € C, and
a family (P)IE[L o of K-APs ]3; parameterised by tuples [ = (Ig)keq with l € [L] for all
k € Q, obeying the following axioms:
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(i) For all '€ [L]?, the progression ]5% is contained in S.

(i) If 2 is non-empty with minimal element ko, then for alll € [L]? and 1 < k < ko,
PAk) has the perfect colour p (that is, c(P{k)) = p). (If Q@ is empty, we omit
this conclusion.)

(ili) If k € [K], the colour of P{k) only depends on those components ly of I with
K < k. That is, if 1,1 € [L]® with Iy = I, for all &' € Q A [k], then ¢(P{k)) =
(P (k). '

(iv) If k € Q, and one fizes all components of L € [L]? except for i, then P{k) traces
out an L-AP. That is to say, z'ff’ e [L]*M*} then there is an L-AP Cjkp such
that Q) ;i (lx) = P{k) whenever U= (l)wea € [L]? agrees with I on Q\{k} (thus
ly =1, for all k' € Q\{k}.

The claim C(K, ) is trivially true: indeed, if S has upper density at least 1 — ¢, then
from a simple counting argument it will contain an interval P = a + [?], which already
gives (i), and (ii), (iii), (iv) are vacuously true in the Q2 = ¢J case. Note that the claims
C(3,{2}) and C(3, {3}) are essentially Theorem 1.5 and Theorem 1.6 respectively (using
the explicit choice ¢ = 37 of ¢), while C'(4,{2,4}) is Theorem 1.7. As one may infer
from the statements of Theorems 1.5, 1.6, one should be able to make the dependence
of € on L quite explicit (in particular, this dependence will not involve quantitative
bounds for van der Waerden’s theorem or the regularity lemma), but we will not do so
here in general. The claims C(K, ) will be our substitute for the crucial “Fact 12”
in [9]. Generally speaking, C'(K,€2) becomes harder to prove when the set 2 is larger
and/or contains larger numbers; see Theorem 6.6 below (together with the iteration
scheme immediately following that theorem) for a more precise statement.

It will be convenient to also use the following “bounded” variant of C'(K,Q):
Claim 6.2 (C'(K,Q)). Let
1<L< 1 <M < N.
Let S < [N] have cardinality |S| = (1 — gg)N, and let ¢ : S — [M] be a colouring of S

by M colours. Then there exists a “perfect” colour p € [M], and a family (]3l~)l~€[L]Q of
K-APs ]3; parameterised by tuples | = (Iy)req with U, € [L] for all k € Q, obeying the

conclusions (i)-(iv) of claim C(K, ).

We now adapt the proof of Theorem 5.1 (or Theorem 5.2) to obtain
Lemma 6.3. For any K > 3 and Q < [K], C(K, ) implies C'(K, ).

It is also easy to establish the converse implication of C'(K, ) from C'(K, ), but we
will not need this direction here.

Proof. Suppose for contradiction that C'(K, Q) was true but C'(K, Q) failed. Then there
exists

1
1< L<-<M,
g
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a sequence N;, i € N going to infinity, and sets S; < [IV;] of cardinality |S;| = (1 — &) N;
with M-colourings ¢; : S; — [M], such that the conclusions of C'(K,2) do not hold
with N, S replaced by N;,S; for any i. We may recursively find translates h; + [N;]
of [N;] such that the intervals h; + [N;] are disjoint, and such that for any ¢ € N, any
K-AP or L-AP that contains at least two elements in | J,_; hy + [Ny] will be disjoint
from h; 4+ [V;]; in particular, as K, L > 3, any K-AP or L-AP that lies in |,y i + [Vi]
must in fact lie in a single one of the h; + N;.

Now set S := | J,.yhi + S;, then S has upper Banach density at least 1 — ¢, and any
K-AP or L-AP that lies in S in fact must lie in a single one of the h; + S;. We can
M-colour S by assigning to each h; + n; € h; + S; the colour ¢;(n;) € [M].

—

Applying the claim C(K, ), we can find a family (Pf)fe[L]Q of K-APs ﬁf that obey the
conclusions (i)-(iv) of that claim for S. By construction of S and conclusion (i), each
of the ﬁf must lie in exactly one of the h; + S;. In principle, the index ¢ could depend
on f, but by conclusion (iv), we see that ¢ does not change if one varies just one of the
components [, of [ holding all other components fixed, and so ¢ is in fact independent

of I. If one now translates all of the ﬁf by —h;, one contradicts the claim that S; does
not obey the conclusions of C'(K, ), and the claim follows. O

Next, we observe that the claim C'(K, {K}) can be used to prove Szemerédi’s theorem:

Proposition 6.4. Suppose that K > 3 is such that C'(K,{K}) holds. Then any set A
of integers of positive upper Banach density contains a (K —1)-AP.

Proof. Write ¢ for the upper density of A along AP, thus 0 < é < 1. By Theorem 3.6,
there exists an unbounded family P of arithmetic progressions with the double counting
property such that A has density J along P.

Let ]
l<L<-<H<N"

£
As P is unbounded, it contains an N-AP P for some N > N'. By Proposition 3.5(i),
all but eN of the H-APs (P(n + h))nen), n € [IN] lie in P. If one then defines the set

S = {n € [N] : (p(TL + h))he[H] € 7)},
then [S| = (1 —&)N. On the other hand, we can colour S by at most 2% colours by
assigning to each element n of S the colour
{he[H]: P(n+h)e A} c [H].

Applying the claim C'(K, {K}) (and isolating just one @ of the K-APs produced by this

claim), we conclude from conclusions (i) and (i) that there exists a K-AP @ contained
in S such that Q(1),...,Q(K — 1) all have the same colour p, thus

(he[H]: P(QQ)+h) e A} == {he[H]: P(QK —1)+h) e A} =p. (6.1)

Since all the H-APs (P(Q(k) 4 h))nen), k € [K] are in P, and A has density 6 > 0
along P, we conclude from (3.3) that the sets in (6.1) are non-empty. Thus there exists
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h € [H] such that P(Q(k)+h) € A for all k € [K —1]. Thus A contains the (K —1)-AP
(P(Q(k) + h))kerr—1], and the claim follows. O

Remark 6.5. By a slightly longer argument using the techniques in Section 5.3, one can
upgrade the conclusion of Proposition 6.4 by showing that A contains a K-AP rather
than a (K — 1)-AP. This leads to a slight reduction in the total length of the proof (one
needs Theorem 6.6 below about 25! times, rather than 2X), and was utilised already
in the proof of Roth’s theorem. However, we do not use this shortcut here as it does
not significantly simplify the proof if Szemerédi’s theorem in full generality.

To finish the proof of Szemerédi’s theorem, it thus suffices to prove the following induc-
tive step.

Theorem 6.6 (Inductive step). Let K > 3, and let Q < [K] contain [ko] but not ko + 1
for some 0 < kg < K. Then C'(K,Q) implies C(K, Q\[ko] v {ko}).

Indeed, suppose Theorem 6.6 was true. We assign to each 2 < [K] the “weight”
Y ieq 2571 this gives a one-to-one correspondence between the subsets 2 of [K] and the
integers between 0 and 2% — 1 inclusive, as can be seen by binary expansion. If Q has
weight less than 2% — 1, then it contains [ko] but not kg + 1 for some 0 < ky < K. From
Lemma 6.3 and Theorem 6.6, we conclude that C(K, Q) implies C'(K, Q\[ko] U {ko}).
Now note that the weight of Q\[ko] U {ko} is one more than the weight of Q. Iterating
this observation starting with = ¢ (which has weight 0), we conclude that C'(K, )
is true for all 2 < [K]. Applying Proposition 6.4, we obtain Szemerédi’s theorem.

Example 6.7. If K = 3, then from Theorem 6.6 and Lemma 6.3 we obtain the chain
of implications

C3,g) = C(3,{1}) = C(3,{2}) = C(3,{1,2}) = (C(3,{3}).

As it turns out, the proof of Theorem 6.6 can be modified (and made slightly more
complicated) to obtain the variant

C'(K,0N\{1}) = C(K,Q\[ko] U {1, ko})
whenever K > 3 and Q2 [ K| contains [ky] but not kg + 1 for some 1 < kg < K, so one
also has the shorter chain of implications
CB,0) = C3,{2}) = C@B.{3}).

Proposition 6.4 then shows that C'(3,{3}) implies the K = 2 case of Szemerédi’s theo-
rem; by Remark 6.5, one can in fact obtain Roth’s theorem. This essentially recovers
the argument structure of Section 5.

It remains® to prove Theorem 6.6. A key step in the proof will be to establish the
following “counting lemma”, which will be a consequence of multiple applications of
Theorem 4.1, and which roughly corresponds to [9, Lemma 5:

®The reader may wish, as a warmup, to try to adapt the arguments in Section 5.2 to prove the
(K,Q) = (4,{1,2,4}) case of this theorem, that is to say to use C'(4,{1,2,4}) to prove C(4,{3,4}), as
this case is already quite typical.
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Theorem 6.8 (Counting lemma). Let K = 3, and let Q < [K] contain [ko] but not
ko+1 for some 0 < kg < K. Let 0 < e <1, let P be an unbounded family of arithmetic
progressions with the double counting property, let S < Z be a set with a density o along
P for some o = 1 —¢, and let A < S be a set with a density 6 along P for some

0<d<1. Let 1
-, =-<-<L <H,
) K

let r be a natural number, and suppose that there is a family (]317)176[”]9 of K-APs P,
indexed by tuples = (I} ) ke with U}, € [L'] for all k € Q, obeying the following axioms:

(i) For all I € [L']* and k € K], the H-AP P;(k) + r - [H] lies in P.
(ii) If k € [K], the set {h € [H] : }_7;7(14:) + rh € A} < [H] only depends on those
components 1}, of U with k' < k.

(iv) If k € Q, and one fizes all components of I except for Il,, then ]5;7(k) traces out
an L'-AP.

Let Q denote the collection of K-APs Q contained in [H], and for every k € [K] and
h e [H], let Qr(h) = Q denote the subcollection

Qi(h) =1{Qe Q:Q(k)
Tk

Let 0 < ki < ko be an integer. Then there exis
[K\[k1], one has the homogeneity property

Q€ Qu(h) : Py(k) +7Q(k) € A for all k € [Ek1]}| = 6™ |Qu(R)| + Ok (vH)  (6.2)
for all but Ok (kH) elements h of |H].

3

=h
e [L']®, such that for every k' €

The intuition here is that as A has density 0 along P, the “probability” that the event
P (k) + rQ(k) € A occurs for a given k € [k;] should be approximately equal to ¢ for

“typical” choices of I* and (. The idea is to use Theorem 4.1 repeatedly to then locate
a good choice of [* in which this intuition is correct for k = 1,..., k; in turn.

Proof. We induct on k;; we will allow the implied constants in the Og() notation to
vary with this induction, but this is harmless since k; will only increase at most K
times. The case k; = 0 is trivial (just choose I* e [L/]* arbitrarily), so suppose that
1 < k1 < ko and that the claim has already been proven for k; — 1. Thus, there exists
[** € [L']? such that for every k' € [K]\[k1 — 1], one has

{Q € Qu(h) : Pau(k) + rQ(k) € A for all k € [ky — 1]} = 6" 71| Qp ()| + Ok (kH)
for all but Ox(kH) elements h of [H].

For any h € [H] and k' € [K|\[k1], let Ex j, < [H| denote the set
Ep = {Q(k1) : Q € Qu(h); Ph.(k) + rQ(k) € A for all k € [k — 1]}, (6.3)

thus we have
|Ek’,h| = (5k1_1|Qk/(h)| + OK(KH) (64)
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for all but Ox(kH) elements h of [H].

For I € [L], let I*' be the element of [L']? formed from [** by replacing the k;
coordinate with I’. By the hypothesis (iv) of Theorem 6.8, the tuple

(P (k1))verrn
is an L'-AP, and hence the tuple
(P (k1) + rh) @ nefe )

is an L' x H-rectangle. By the hypothesis (i) of Theorem 6.8, all the L' columns of this
rectangle lie in P. By Theorem 4.1(iii), we may thus find I’ € [L'] such that

|Ek’,h M {h . Pf*,l’(kjl) + rh e A}| = 5|Ek’,h| + O(I{H)

for all but at most kH of the tuples (k’, h) € ([K|\[k1]) x [H]. By (6.4), we thus have
that for any &' € [K]\[k1], one has

|Ek’,h M {h : Pl**,l/(lﬁ) +rhe A}| = 5“|Qk/(h)| + OK(I{H)
for all but O (kH) elements h of [H]. By (6.3), the left-hand side may be written as
|{Q € Qk’(h) : Pf*,l’ (k) + TQ(k) € A for all ke [ko]”

Setting = l_;"l', we obtain the claim. U

To conclude the proof of Theorem 6.6 (and hence Szemerédi’s theorem), we now show
the following implication, which is a variant of [9, Lemma 6].

Proposition 6.9. Theorem 6.8 implies Theorem 6.6.

Proof. This will be a double counting argument (in the spirit of the proof of Theorem
1.5), relying primarily on the fact that the density of S is at least 1 — ¢ for a fairly small
value of € to eliminate the contribution of those k-APs which are not fully contained in
S. A key technical difficulty will be the appearance (via (6.2)) of the quantity ¢, which
will probably be much smaller than e; however, all the factors of § will safely cancel
each other out in the final analysis.

We turn to the details. Let K > 3, and let 2 < [K] contain [ko| but not kg + 1 for
some 0 < kg < K, and suppose that C'(K, Q) holds. Let

1
1<L <=,
15

let S © Z be a set of upper Banach density at least 1 — ¢, and suppose that one has a
finite colouring ¢ : S — C of S. Let o denote the upper density of S along AP, then
o = 1 —¢e. By Corollary 3.7, there exists an unbounded family P < AP of arithmetic
progressions with the double counting property and a “perfect” colour p € C, such that
S has density o along P, and the colour class A = {s € S : ¢(s) = p} has a positive
density 6 > 0 along P.
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Now select parameters

As P is unbounded, it contains an N-AP U =a +r - m for some N > N’', integer a,
and natural number r. By Proposition 3.5(i), all but 'N of the H-APs

U+ )y = Uln) + - [H]
for n € [N] lie in P. If one then defines the set

— (ne[N]:Um) +r- [H|eP
then S’ is a subset of [N] with |S’| = (1 —¢')N. On the other hand, we can colour S’ by
at most (|C| + 1) colours by assigning to each n € S’ the colour ¢'(n) € (C u {L})¥,
defined as the tuple

d(n) == (c(U(n) + rh))nerm
where we extend ¢ outside of S by setting ¢(n) =L for all n ¢ S and some symbol J_

outside of C. Applying the hypothesis C'(K, Q) (with L, e, S, ¢ replaced by L', &', S ¢
respectively), and discarding the conclusion (ii) of that clalm (Whlch is the only conclu—

sion involving the perfect colour), we obtain a family (Pﬂ)l, e[1/]2 of K-APs P’ obeying
the following axioms:

(i) For all I’ € [L']?, the progression f’li, is contained in S’.
(iii) If k € [ K], the tuple (C(U(f’li,(k:)) + frh)) " only depends on those components
he[H
I of I = (I weq with &' < .

(iv) If k € ©, and one fixes all components of I’ = (I}, )yeq except for I}, then ]3li, (k)
traces out an L'-AP.

We then define the K-AP ]5;7 for each I [L']% by composing the two increasing affine-
linear maps P} : Z — Z and U : Z — Lt

We then see that the (13;7)176[L,]Q obey the axioms (i), (iii), (iv) of Theorem 6.8. In fact

we have a stronger claim than (iii):

(iii") If /ie [ K], the tuple (c(P;(k) + rh))ne(m) only depends on those components [,
of I' = (l;g’)k’GQ with &/ < k.

Note that (iii’) implies (iii), since P;(k) + rh € A if and only if ¢(P;(k) + rh) = p

Applying Theorem 6.8 with ky = ko, there exists I* = (I¥)req € [L']?, such that for
every k' € [K]\[ko], one has the homogeneity property

{Q € Qu(h) : Ps(k) + rQ(k) € A for all k € [ko]}| = 6™|Qu (h)| + Ok (kH)  (6.5)
for all but OK(HH) clements h of [H].
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Let L denote the set of all I' = (I1)req € [L']? such that I}, = I for all k € [ko], and
l; € [L] for k € Q\[ko] (note carefully here that we are restricting [}, here to the short
interval [L] rather than the long interval [L']). Clearly

L] < LF. (6.6)

Let @ denote the collection of k-APs @ € Q such that Py (k) +rQ(k) e Aforall k e
[ko]. Call a K-AP Q € Q' good if one has

Pi(k") +rQ(K') € S for all k" € [K]\[ko] and I’ € L,

and bad otherwise. Clearly, the number of bad Cj is at most

> > Q" " Qu(h).

feL K'e[K\[ko] he[H]: Py (K')+rhS
From (3.3) applied to the H-AP P;(k’) + r - [H], which is in P, we have
[{h e [H]: Pi(k') +rheS} = (1—-2¢)H,
thus the inner sum in the above expression is over O(¢H) elements h. From (6.5) and

the trivial bound |Qy(h)| < H, we have |Q' n Qu(h)| = O(6* H) for all but O (xH)
elements h of [H]. This implies that

> 1Q' A Qu(h)| = O(s6* H?)

he[H]:Py (k') +rhgS

and hence the number of bad @ is at most O (6% H?).

Let [H]° :={h e [H]: H/3 < h < 2H/3} denote the middle third of [H]. For h € [H]°,
the cardinality |Qx,41(h)] is at least 4. From (6.5), we conclude that

H

/ ~ Sko 7
|Q M Qk0+1(h)| = 5 4K

(say) for all but Ok (kH) elements h of [H]°. Comparing this against the number of

bad @, we conclude that the number of h € [H]° such that all elements of Q" N Qy,+1(h)
are bad cannot exceed Oy (¢H); crucially, all the factors of § have been cancelled
|[H]

out. This is significantly less than TO‘, so we conclude that [H]° contains an interval

ho + [L] with the property that for each hg + [ € hg + [L], there is a good K-AP @, in
Ql M Qk0+1(ho + l)

Now we can prove C'(K, Q\[ko] U {ko + 1}). For [ = (Lk) ke [ko]uiko+1} € [ L] A\ ko]oiko+1}
we define Ef to be the K-AP

—

Pri= (PA{k) + 1Qnoriyy 11 (K))ke[x1 (6.7)

where [ € [L']? has the same coordinates as [ on Q\[ko], and the same coordinates as [*
on [kl

It is clear that the Ef are K-APs. To finish the proof of C(K, Q\[ko] U {ko+1}), we need
to verify the axioms (i)-(iv) (with P-replaced by Py, and Q replaced by Q\[ko]u{ko+1}).
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We first verify (i). Since Qpq+1y,,, lies in Q', we have

P (k) + TQhoJrlkoﬂ(/{?) eAcS

for all k € [ko]: as [ and [* agree on the first [ko] coordinates, we conclude from the
hypothesis (iii) of Theorem 6.8 that

BHk) = P{k) + 7Qnys1,,,, (k) €A S (6.8)

for all k € [ko]. For &’ € [K]\[ko], we use the fact that Qny+i,, ., is good and that leL
to conclude that

PAE') = PAK') + Qngsi, (K') €.
This proves (i).

The claim (ii) follows from (6.8), so we turn to (iii). Let k € [K], and suppose that
I = () weo\[ko]utko+1y and I = (I )ieo\[ko]uiko+1} are elements of [ L]\ kolwiko+1} guch
that [y = 1}, for all k' € Q n [k]. We wish to show that

c(PHk)) = c(B5(k)). (6.9)

If k € [ko] then this follows from claim (ii) (or (6.8)), so we may assume that k € [k]\[ko].
In particular we have Iy, 1 = [}, ,;, and hence

Qh0+lko+1( ) = Qh0+l§€ +1( ). (6.10)

On the other hand, if we define I/ € L similarly to [ (but with [ replaced by I/ ), we
see from construction that I’ and [ agree in all coordinates less than or equal to k, and
hence by the property (iii’) we have

(C(P[(k) + Th))he[H] = (C(Pl:,(k?) + Th))he[H]-
From this, (6.10), and (6.7) we obtain (6.9) as required.
Finally, we verify (iv). We need to show that for all k € Q\[ko] U {ko + 1}, the quantity

l{k‘) depends in an increasing affine-linear fashion on the coordinate [ of l if all other

components of [ are held fixed. For k = ko + 1 this is immediate from the definition
(6.7), and for k > ko + 1, the claim follows from the property (iv) of Theorem 6.8. This
concludes the proof. O

APPENDIX A. PROOF OF WEAK REGULARITY LEMMA

In this appendix we prove Lemma 1.3. Our main tool will be the singular value decom-
position. We follow the arguments laid out in terrytao.wordpress.com/2012/12/03.

Let V, W ¢ E be as in that lemma. Without loss of generality we may assume that
V = [V] and W = [W] for some natural numbers V, W (the case when V or W empty
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being trivial). Applying the singular value decomposition to the adjacency matrix
(1g(v, w))ve[v]we[w], One can obtain a decomposition

lp(v,w) = Z Aifi(v)gi(w) (A1)

for all v € [V],w € [W] and some finite sequence A\; = --- = A, = 0 of singular values,
some singular functions fi,..., f, : [V] — R that are orthonormal in the sense that
ﬁzve[v] fi(v)f;(v) = 1,2; for all 7,5 € [n], and some singular functions gi,..., g, :
[W] — R that are orthonormal in the sense that ﬁ Yowepw) 9i(w)g;(w) = 1;—; for all

i,j € [n].

Squaring both sides of (A.1) and averaging in v,w, we obtain the Frobenius norm

identity
1 n
— Z Z lg(v,w)? = Z)\?
ViV ve[V] we[W] i=1

The left-hand side is clearly bounded by 1, hence
YAl (A.2)
i=1

In particular, since the \; are decreasing, we have

£
Ai < -

whenever i > 16/¢2.

Now suppose that i is such that \; > /4. Multiplying (A.1) by g;(w) and averaging in
w, we conclude that

1
Wwez[v:ﬂ 1g(v, w)gi(w) = Aifi(v)

for all v € V. Since 3 D we[W] gi(w)? = 1, we see from the Cauchy-Schwarz inequality
that the left-hand side is at most 1 in magnitude. As we are assuming \; > £/4, we
conclude the pointwise bound
4
)] <
for all v € [V]. Similarly we have
4
o) < 2
for all w e [W].
By subdividing the interval (—‘;1, g) into at most % intervals of length at most %, we
see that for each ¢ with \; > €/4, we can partition [V] into at most 23 sets, such that the
function f;(v) only fluctuates by at most €2/16 on each set. As there are at most 16/?
such ¢, by combining all these partitions together we see that we can find a partition
[V] = Vi U--- UV, into non-empty sets for some A < (128/£3)'%/¢* such that for each
a € [A] and each i with \; > &/4, f; fluctuates by at most £2/16 on V,. Similarly, we
can partition [W] = W, U --- U Wp into non-empty sets for some B < (128/¢%)10/<*
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such that for each b € [B] and each i with \; > /4, ¢g; fluctuates by at most £2/16 on
W,,.

For each a € [A] and b € [B], define the density

Z Z 1g(a,b),

vEV 4 weEW,

da,b =
IV | |Wb|

thus the function (v, w) — 1g(v, w) — d,p has mean zero on V, x W,. Clearly we have
0<d,p <1forallae|[A] and be [B].

Now let F < [V] and W < [W]. The expression
(FxG)nE[— > Y dop|F nV,]|G W,
ac[A] be[B]
appearing in (1.1) may be written as
Z Z Z Z 1F 1E(U U)) da,b)- (A3)
B] veV, weW,,

Writing

and

for the means of 1g and 1g on V, and W, respectively, we may decompose

Ip(v)lg(w) = (Ir(v) — ag)la(w) + au(la(w) — B) + aufh.

The third term makes no contribution to (A.3) since (v, w) — 1g(v, w) — d,; has mean
zero. Thus, by the triangle inequality, the left hand side of (1.1) is bounded by the sum
of

20 2 2 2 Ue(v) —ao)le(w)(le(v, w) — duy) (A.4)
a€[A] be[B] vEV o weW,y,

and
Z Z MY aulle(w) - B)(1s(v, w) — dus)] . (A.5)

We first estimate (A.4). Smce 1r(v) — a,, has mean zero, we may remove the d,; factor
and write this as

Z Z Z Z Irp(v) — aq)le(w)lg(v, w)].

[B] v€V 4 weWy,

This can in turn be rewritten as

| > Z w)lp(v, w)|

ve[V]w
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where F(v) = X4 (1r(v) — o)1y, (v) and G(w) == lg(w). Using the singular value
decomposition (A.1), this can be written in turn as

n

[ D30 F) i) ), Glw)gi(w))l.

i=1  welV] we[W]

From Bessel’s inequality (and the observation that F' is bounded in magnitude by 1)

one has )

Yl 3 F@fiw) <
i=1 ve[V]

and similarly
2

|
G(w)g:(w)| <1.
;WQG%V] s

From the Cauchy-Schwarz inequality, we conclude that

DAY FOUA@)C Y, Glug(w)| < S VW],
we[W]

N\ <e/4 ve[V]

On the other hand, if A; > /4, then by construction f;(v) fluctuates by at most 5 on
each V,, while F/(v) has mean zero and is bounded in magnitude by 1 on each V. ThlS

implies that
2
€
> Pwvlﬂ@0|$516“4
ve[V]

for each such i; meanwhile, from Cauchy—Schwarz one has
| Z < [W].

Finally, from (A.2) one has

and thus -
|2 MY FOL@)( Y, Glwgiw))] < VW]
i\ >e/4 ve[V] we[W]
Thus the expression (A.4) does not exceed §|V|[W/|. A similar argument applies for
(A.5), and the claim follows.
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