
MANUSCRIPT REVIEW

1. General comments

In the introduction of the paper, the authors do an impressive job of introducing the reader
to the essential tools needed and giving a rough outline of the central proof. By interspersing
a number of heuristic arguments and figures to motivate the sometimes tedious calculations
that are necessary throughout the paper, they present a clear picture of how they arrived
at many of the intermediate steps and what immediate barriers there are to improving their
main result further. In the context of the number of papers whose primary goal is to find
explicit bounds for the de Bruijn-Newman constant Λ, Theorem 1.1 should be considered an
exciting and significant improvement for the upper bound. The fact that the authors provide
numerical results that would allow for an even better bound (contigent upon proving the
Riemann Hypothesis up to larger explicit heights X) further illustrates the power of their
approach. Together with the recent proof of Rodgers and Tao that Λ is non-negative, this
paper ultimately makes satisfying progress on giving a more complete view of this area of
study. The fact that this paper manages to be mostly self-contained and essentially only
utilizes standard techniques from complex analysis and analytic number theory to obtain the
result makes it all the more pleasing of a conclusion in my opinion.

With all of this said, I recommend that the paper be accepted with minor revisions. I
have attached a list of the possible errors and typos I have found, most of which do not alter
the results at all. The main reason I suggest requiring revisions is that a few lemmas and
propositions will likely need to be changed; however, I do not expect that the authors will
find difficulty in doing so or that the main theorem will be different.

2. Possible errors and typos found

(1) Page 13, line 6: The proposition reference seems to be numbered incorrectly.
(2) Page 14, line 26: The conclusion of Proposition 3.1(ii) appears to be correct, but I

believe the factors of 2 are not quite write in this line. It likely should be
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)m [
Hem

(
1√
2

z − zj
(t− t0)1/2

)
+O

(
|t− t0|1/2

)]
.

(3) Page 14, line 30: Typo with “to to”.
(4) Page 14, line 32: Similar to above, a

√
2 should be put in front of the (t− t0)1/2 term.

(5) Page 15, line 17: I believe this should be hypothesis (iii) instead of (ii).
(6) Page 15, line 42: There should be a negative sign in front of the 2.
(7) Page 15, line 49: Due to the negative sign from line 42 and one other typo, the

inequality should instead to be

− Y (t1)− yk
(x− xk)2 + (Y (t1)− yk)2

− Y (t1) + yk
(x− xk)2 + (Y (t1) + yk)2

≤ 0.

(8) Page 16, line 8: At the end of the line, it should say Theorem 1.2 instead of Theorem
3.2. Also, I believe the conditions are not quite equivalent. This doesn’t end up being
a problem since condition (i) of Theorem 1.2 implies condition (i) of Prop 3.3.
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(9) Page 21, line 38: The 2 in the denominator of the exponential in the integrand should
be under tv2 instead. See the left-hand side of line 33.

(10) Page 23, lines 43 and 47: Cp(p) should be replaced by C0(p) (see line 37 for example).
(11) Page 24, line 9: The conclusion at the end of the proof has a − 0.865 instead of

a− 0.125 in the denominator of the first term (see line 41 on page 29), so this should
be changed here.

(12) Page 24, line 25: The denominator of the exponential term should be 12(T
′

2
− 0.33)

instead since we are plugging in z = sv/2 into Lemma 5.1(v).
(13) Page 24, line 31: Because of (43), the denominator of the O≤ term should be 2(2T −

6), which is less than 4T − 0.33. Between this comment and the last, most of the
inequalities will need to be changed throughout the rest of the proof.

(14) Page 25, line 49: K̃u should be max(b−uc + 3, bT ′
π
c) instead of max(b−σc + 3, bT ′

π
c)

since we later need in the proof that K̃u ≤ −u+ 4 (see line 23 of page 26).
(15) Page 26, line 23: Parentheses need to be added around 0.036 here and in line 48. Also,

a + is missing between Γ(k/2)
ak

and 1
2
2−u.

(16) Page 26, line 32: The first term should be Γ((k+2)/2)
ak+2 , i.e. parentheses are missing.

(17) Page 26, line 37: The middle term of the inequality should have a2 instead of a.
(18) Page 26, line 43: Similarly, the middle term should have a3 instead of (a/1.1)3.
(19) Page 27, line 11: There is an unmatched parenthesis on the right-hand side.
(20) Page 27, line 19: The denominator on the right-hand side appears to have been copied

down wrong, i.e. a− 1.25 should be replaced by a− 0.353 (see line 11).
(21) Page 28, line 28: In addition to exp(t log2

√
2), I think there should be an extra

exp
(
t2 log2

√
2

T ′−0.33

)
coming from the t

T ′−0.83
on the right-hand side of (66).

(22) Page 30, line 13: The Bt(x+ iy) defined here is different than the Bt(x+ iy) defined
in (11). This is confusing since the Bt from (11) is also used on this page.

(23) Page 31, line 36: Due to the conclusion reached on line 51 on page 33, the denominator
of the exponential term should be x− 6.66 instead of x

2
− 6.66.

(24) Page 32, line 51: (48) is not referencing the correct equation; (21) was likely meant.
(25) Page 33, line 9: I don’t believe the equality is correct here; instead, we have

1 + y

(1 + y)2 + x2
− 2(1− y)

(1− y)2 + x2
= − 1− 3y

(1 + y)2 + x2
− 8y(1− y)

((1 + y)2 + x2)((1− y)2 + x2)
.

This needs to be changed in Proposition 6.6(ii) as well.
(26) Page 33, line 28: The numerator of the last expression should be x + πt

4
instead of

x+ πt
16

based on (68) and (49). This doesn’t affect the upper bound in the next line.
(27) Page 35, line 50: The notation A(n0, a) is used here, but A(a) is the function that is

defined immediately after.
(28) Page 37, lines 30, 36, and 47: I think btn should be btp here.
(29) Page 39, lines 25 and 26: N = N0 and N ≥ N0 should be switched here.
(30) Page 39, line 54: The last term should instead be |γ|N |κ|FN,t(Re(s∗)− y).
(31) Page 40, line 50: 0.6001 should be replaced by 0.5999. Many of the other expressions

in this proof need to be changed as a result.
(32) Page 41, line 13: I think it should be log x

4π
instead of log x

π
based on line 9.

(33) Page 42, line 36: nσ+|κ| should be replaced by nσ−|κ|.

(34) Page 43, line 15: +
∫ N
N0

is missing in the middle.

(35) Page 43, line 37: 0.2× 0.2 should be replaced by 0.2× 1 since y ≤ 1.
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(36) Page 43, line 42: The inequality at the end of the line is not correct since we end up
concluding that n ≤ 1.0002N−1 < 1.

(37) Page 45, lines 3 and 9: It says we will verify (88), but then it later says we will check
the weaker claim that the function stays outside of the ball B instead.

(38) Page 45, line 40: I think it should be “verify (a)” instead of “verify (i)”.
(39) Page 46, line 39: From (17), 1− y + ix should be replaced by 1 + y − ix.
(40) Page 46, line 54: This should say ∂

∂x
log γ instead of ∂γ

∂x
(see line 35).

(41) Page 47, line 21: |α(s) + α(1− s)| needs to be replaced by |α(s)|+|α(1− s)| (see line
9).

(42) Page 49, line 4: “illustrates” is spelled “ilustrates” here.
(43) Page 52, line 29: The first sum in the O≤ term should have a lower bound of n = 1

instead of n = 2.
(44) Page 53, lines 15 and 19: We can’t bound ny above by n0.2. However, instead of

bounding |γ| in the inequality starting in line 4, we can likely bound |γ|ny by a
constant times (n/N−)0.2, which would then give a similar inequality.

(45) Page 54, line 46: From the cosine rule, the exponents of N− on the right-hand side
are not quite correct, i.e. N−0.2

− α2
n and N−0.2

− α2
1 should be N−0.4

− α2
n and N−0.4

− α2
1

respectively. This will change the rest of the proof and the statement of the lemma.

(46) Page 58, line 8: n−
1−y
2

+ t
2

log x
4π should be n−

y−1
2

+ t
2

log x
4π . This is fixed in the next line.

(47) Page 58, line 15: In order to get the error bound in line 29, we need a better big-O

term. Through the same reasoning, we can get eA = O( log2 x
x
x−

y−1
4 ) instead.

(48) Page 58, line 33: The last error term should be O(x−
y−1
4 ).

(49) Page 59, line 40: The term +x∗
4

log π should be negative instead (see line above).
Similarly, the term −x∗

4
is dropped from the previous line.

(50) Page 61, line 6: The set should be {x+3i : 0 ≤ x ≤ C} instead of {x+3i : 0 ≤ y ≤ C}.
(51) Page 61, line 16: Lemma 9.2 assumes that x∗ > 0, but we are applying it for x∗ = −X.
(52) Page 61, lines 17-34: This was all done in the proof of Proposition 3.1, so this can be

condensed and internal references can be used (if desired).
(53) Page 61, line 44: The summand should be

− (4− y)

(X − xn)2 + (4− yn)2
− (4 + yn)

(X + xn)2 + (Y + yn)2
.

(54) Page 64, line 46: There is an additional small parenthesis right in the last O≤ term.
(55) Page 65, line 28: β2an/2 is written instead of β2αn/2.


