
ON THE PERMANENT OF A RANDOM BERNOULLI MATRIX
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Abstract. We show that the permanent of an n×n matrix with iid Bernoulli
entries ±1 has probability o(1) of vanishing (or of attaining any other fixed

value) in the limit n→∞.

1. Introduction

Let n be a large integer (which we view as a parameter going to infinity), and
let Mn = (aij)1≤i,j≤n be a random n× n Bernoulli matrix, thus the entries aij are
iid random variables which take the values −1 and +1 with an equal probability of
each. The determinant

det(Mn) :=
∑

σ∈Sn

sgn(σ)aiσ(i),

and in particular the singularity probability

P(det(Mn) = 0)

have been intensively studied [1, 3, 4, 5, 6, 7, 8, 9]. Several bounds for this proba-
bility are now known, starting with the initial bound1

(1) P(det(Mn) = 0) = o(1)

of Komlós [4]; at this time of writing, the best known bounds are of the form(
1
2

+ o(1)
)n

≤ P(det(Mn) = 0) ≤
(

1√
2

+ o(1)
)n

with the lower bound being trivial (arising from the probability that two rows or
two columns are identical) and the upper bound being a recent result in [1]. The
lower bound is conjectured to be sharp.

In this note we study the analogous question for the permanent

(2) Per(Mn) :=
∑

σ∈Sn

aiσ(i)

of the random Bernoulli matrix Mn; this is an integer ranging between −n! and n!.
From the second moment method (as in [8]) one sees that the permanent has mean
zero and variance n!. Higher moments of Per(Mn) can be computed (with some
difficulty), but they do not appear to reveal any limiting distribution or significant
concentration of measure effects2.

Our main result is an analogue of (1):

V. Vu is supported by an NSF Career Grant.
1As usual, we use o(1) to denote any quantity that goes to zero as n→∞.
2For the determinant det(Mn), one needs to take logarithms before one sees concentration; see

[6]. We do not know if a similar result holds for the permanent.
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Theorem 1.1. We have

sup
x

P(Per(Mn) = x) = o(1).

By optimising all the parameters in the argument, we can in fact replace the o(1)
bound by O(e−c

√
log n) for some absolute constant c > 0. This bound is very likely

to be improvable, but we will not pursue this matter, other than by mentioning
that by analogy with [5] (and in view of the Littlewood-Offord bound (Lemma 2.4)
of Erdős[2]), it seems reasonable to hope for a bound of the form O(1/

√
n).

We also remark that our method here extends to the determinant det(Mn),
providing a new (but inefficient) proof of (1).

The argument also extends to other random matrix ensembles with independent
complex entries, as long as one has a uniform non-concentration bound P(aij =
x) ≤ p for all i, j and x, and some p < 1 independent of n. We leave the details of
this generalisation to the interested reader.

2. Proof of theorem

Our argument is based on the cofactor expansion of the permanent in terms of
permanents of minors arising from the first few rows of Mn. It is convenient to view
this expansion as a “genetic” or “evolutionary” process3, in which “parent” minors
of order k − 1 pass on the trait of having non-zero permanent to their “children”
minors of order k. To describe this more precisely, we need some notation.

Definition 2.1 (Generations). We write [n] := {1, . . . , n}, and for any integer k

we write
(
[n]
k

)
:= {A ⊂ [n] : |A| = k}, where |A| denotes the cardinality of A; we

refer to
(
[n]
k

)
as the population at generation (or time) k, and the elements of

(
[n]
k

)
as individuals. If A ∈

(
[n]
k

)
, we define the children ∂+A := {B ∈

(
[n]

k+1

)
: B ⊃ A}

and parents ∂−A := {B ∈
(

[n]
k−1

)
: B ⊂ A} of an individual A, thus an individual

at generation k for some 0 ≤ k ≤ n has n− k children and k parents.

Definition 2.2 (Dominance). Fix a n × n matrix Mn = (aij)1≤i,j≤n. For any
time 0 ≤ k ≤ n and individual A = {j1, . . . , jk} ∈

(
[n]
k

)
, we define the minor Mk,A

to be the k × k submatrix Mk,A := (aijs)1≤i,s≤k. We say that the individual A
has the dominant trait if Per(Mk,A) 6= 0 and the recessive trait otherwise. We
define the dominant population Ωk ⊂

(
[n]
k

)
at generation k to be the set of all

individuals A ∈
(
[n]
k

)
with the dominant trait. We also define the k × n matrices

Mk := (aij)1≤i≤k;1≤j≤n, thus Mk,A is a submatrix of Mk. One should view Mk as
describing all the information available up to time k.

In our situation, Mn is a random Bernoulli matrix, and so Ωk is a random subset
of

(
[n]
k

)
for each k. We observe the “initial condition” that the entire first generation

has the dominant trait:

(3) Ω1 =
(

[n]
1

)
.

The strategy of proof will be to exploit the fact that the trait of having non-zero
permanent is indeed dominant in the sense that it is likely to pass to a child as long

3One could also interpret this process as a sort of percolation process on the Hamming cube,
but the author found the evolutionary biology analogy was better at providing a guiding intuition.
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as at least one of its parents carries the trait (and very likely to pass to a child if
many parents carry the trait). Our basic tool for this will be4

Lemma 2.3 (Dominance). For any 1 ≤ k ≤ n and A ∈
(
[n]
k

)
, we have the condi-

tional probability bound

(4) sup
x

P (Per(Mk,A) = x|Mk−1) � |Ωk−1 ∩ ∂−A|−1/2

and in particular

(5) P (A ∈ Ωk|Mk−1) ≥ 1−O(|Ωk−1 ∩ ∂−A|)−1/2.

(Of course, these bounds are vacuously true when Ωk−1 ∩ ∂−A is empty.)

Proof. From (2) we have the cofactor expansion

(6) Per(Mk,A) =
∑
j∈A

akj Per(Mk−1,A\{j})

for all 1 ≤ k ≤ n and A ∈
(
[n]
k

)
. Observe that the coefficients Per(Mk−1,A\{j}) de-

pend only on Mk−1, while the signs akj are iid Bernoulli variables that are indepen-
dent of Mk−1. The number of non-zero coefficients in (6) is of course |Ωk−1∩∂−A|.
The claim now follows from the following inequality of Erdős [2]:

Lemma 2.4 (Littlewood-Offord bound). [2] Let a1, . . . , ak ∈ {−1,+1} be iid
Bernoulli random variables, let v1, . . . , vk ∈ R, and let x ∈ R. If at least m of
the v1, . . . , vk are non-zero for some m ≥ 0, then

(7) P(a1v1 + . . . + akvk = x) � m−1/2.

�

Remark 2.5. For the purposes of establishing the qualitative result in Theorem 1.1,
the (sharp) right-hand side m−1/2 in (7) could be replaced by any quantity that
went to zero as m →∞.

Applying (4) with k = n and A = [n], we see that Theorem 1.1 will follow if we
can show5

Proposition 2.6 (Persistence of dominant trait). The quantity |Ωn−1| diverges to
infinity in probability, or in other words

(8) lim
n→∞

P(|Ωn−1| < N) = 0

for every N .

We now begin the proof of Proposition 2.6. We need a slowly growing function
K = K(n) of n to be chosen later (the optimal choice of K turns out to be K ∼√

log n).
Our derivation of (8) shall be done in two stages:
• (Early period) We evolve the population for generations 1 ≤ k ≤ n − K,

ending up with � n/K “disjoint lineages” of dominant individuals with
high probability.

4In this paper we use the usual asymptotic notation X = O(Y ), Y = Ω(X), or X � Y to

denote the estimate |X| ≤ CY for some absolute constant C.
5In order to obtain the optimised bound O(e−c

√
log n), one would take N = O(eΘ(

√
log n)),

and need an upper bound of O(e−Ω(
√

log n)) for the event P(|Ωn−1| < N).
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• (Late period) We evolve the population for generations n−K ≤ k ≤ n− 1.
There will be enough “independent” lineages from the preceding stage that
at least N of them will survive to generation n− 1 with high probability.

Our main tools here shall be the domination inequality (5), together with Azuma’s
inequality to exploit the independence of the signs akj that appear in the cofactor
expansion (6).

2.7. The early period. We begin by showing that most individuals at generation
n − 2K will have at least one descendant with the dominant trait at generation
n−K:

Proposition 2.8 (Dominant descendants). For every A ∈
(

[n]
n−2K

)
, we have

P(B ⊃ A for some B ∈ Ωn−K) ≥ 1−O(e−Ω(K)).

Proof. By relabeling we may take A = {1, . . . , n − 2K}. For every generation
1 ≤ k ≤ n−K, we define the random variable

rk := sup{|B ∩A| : B ∈ Ωk}
with the convention that rk = 0 if Ωk is empty; note that rk ranges between 0
and min(k, n − 2K) and depends only on Mk. Informally, this quantity measures
the largest portion of A that the domination trait has been able to “conquer” at
generation k. Our task is to show that

(9) P(rn−K < n− 2K) � e−Ω(K).

On the other hand, from (3) we have r1 = 1. To get from this to (9), we need

Lemma 2.9 (Spreading lemma). Let 2 ≤ k ≤ n−K, and condition on Mk−1 (so
in particular, rk−1 is deterministic).

(i) If rk−1 > 0, then P(rk ≥ rk−1) ≥ 1− 2−(n−k).
(ii) If 0 < rk−1 < n− 2K, then P(rk ≥ rk−1 + 1) = 1− 2−(n−2K−rk−1).

Proof. We first establish (i). If rk−1 > 0, then we may find B ∈ Ωk−1 such that
|B ∩A| = rk−1. To establish the claim, it will suffice to show that with probability
1 − 2−(n−k), that some child of B has the dominant trait, i.e. that B ∪ {t} ∈ Ωk

for some t ∈ [n]\B.
Suppose temporarily that some child B∪{t} of B had the recessive trait. Observe

from (6) (and the dominant nature of B) that if one reversed the sign of akt, then
B ∪ {t} would then have the dominant trait. Furthermore, this sign reversal does
not affect whether any other child of B had the dominant or recessive trait. Since
the akt are independent, and B has n− k children, the claim follows.

The claim (ii) is proven similarly, except that we now restrict attention to the
n− 2K − rk−1 children B ∪ {t} of B with t ∈ [n− 2K]\B. �

From Lemma 2.9(i) and the union bound, we have

(10) P(1 = r1 ≤ r2 ≤ r3 ≤ . . . ≤ rn−K ≤ n− 2K) ≥ 1−O(e−Ω(K)).

From Lemma 2.9(ii), the union bound, (10), and induction, we have

P(rk ≥ k) ≥ 1−O(e−Ω(K))

for all 1 ≤ k ≤ n− 2.1K. We thus have

(11) P(n− 2.1K ≤ rn−2.1K ≤ . . . ≤ rn−K ≤ n− 2K) ≥ 1−O(e−Ω(K)).
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For each n − 2.1K < k ≤ n − K, let Ek be the event that rk−1 = rk < n − 2K.
This event depends on Mk, and by Lemma 2.9 we have the (crude) conditional
probability bound P(Ek|Mk−1) ≤ 1/2 for any choice of Mk−1. On the other hand,
we have 1.1K values of k. By Azuma’s inequality, we conclude that with probability
1 − O(e−Ω(K)), at most 0.6K (say) of the events Ek are true. From this and (10)
we conclude (9). �

Corollary 2.10 (Existence of many disjoint lineages). With probability 1−O(e−Ω(K)),
one can find A1, . . . , Am ∈ Ωn−K with m � n/K, such that the sets [n]\A1, . . . , [n]\Am

are all disjoint.

Proof. Clearly, we may find individuals Ã1, . . . , Ãm̃ ∈
(

[n]
n−2K

)
with m̃ � n/K such

that [n]\Ã1, . . . [n]\Ãm̃ are all disjoint. For each 1 ≤ j ≤ m̃, let Ej be the event that
Ãj has a descendant Ãj ⊂ Aj ∈ Ωn−K with the dominant trait. By Proposition
2.8, we know that P(Ej) ≥ 1−O(e−Ω(K)) for each j. By the first moment method
(which does not require any independence hypotheses on the Ej), we conclude that
with probability 1−O(e−Ω(K)), that the events Ej are true for at least half of the
j. This gives the claim with m ≥ m̃/2 � n/K. �

2.11. The late period. The last step of the argument is to establish

Proposition 2.12 (Survival of many lineages). Let n − K ≤ k ≤ n − 1. If n is
sufficiently large depending on K, then with probability 1−O(e−Ω(K)), one can find
A1, . . . , Am ∈ Ωk with m � e−Ω(K2)n, such that the sets [n]\A1, . . . , [n]\Am are all
disjoint.

Applying this proposition with k = n − 1, we obtain Proposition 2.6 (and thus
Theorem 1.1) as desired.

Remark 2.13. This will be the most inefficient part of the argument; in each of the
last K generations, we need to sacrifice all but an exponentially small (in K) fraction
of the lineages in order to create enough independence to ensure that a significant
portion of the remaining lineages survive to the next generation. This is what causes
the loss of e−Ω(K2) above, and is ultimately responsible for prevending K from
exceeding

√
log n. It is possible that a more sophisticated argument (perhaps using

more advanced Littlewood-Offord theorems) could reduce this loss (thus allowing
one to improve the upper bound of O(e−c

√
log n)), but we have not pursued this

matter.

Proof of Proposition 2.12. We induct on k. The case n−K is just Corollary 2.10.
Now suppose that n−K < k ≤ n− 1 and that the claim has already been proven
for k − 1. Thus, with probability 1 − O(e−Ω(K)), we can find B1, . . . , Bm′ ∈ Ωk−1

with m′ � e−Ω(K2)n such that [n]\B1, . . . , [n]\Bm′ are all disjoint. These events
depend only on Mk−1; henceforth we condition Mk−1 so that these events hold,
and then fix B1, . . . , Bm′ .

Consider one of the lineages Bj ∈ Ωk−1. Let us say that Bj is good if there
exists a child A ∈ ∂+Bj of Bj such that |Ωk−1 ∩ ∂−A| ≥ eK , and bad otherwise.
We divide into two cases.

• Case 1: At least half of the lineages are good. For each good lineage
Bj , we see from (5) that there will be a child of Bj in Ωk with probability
1 − O(e−K/2). From the first moment method (which does not require
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any independence assumptions), we conclude that with probability 1 −
O(e−K/2), over half of the good lineages will have a child in Ωk. This gives
the claim (with m ≥ m′/4); note that the probability error of O(e−K/2)
incurred here (as well as the loss of 4 in the number of lineages) will be
acceptable as we are only performing the induction K times.

• Case 2: At least half of the lineages are bad. For each bad lineage
Bj , we can find a child Aj = Bj ∪ {tj} ∈ ∂+Bj with |Ωk−1 ∩ ∂−Aj | < eK .
In other words, the set Rj := {t ∈ Aj : Aj\{t} ∈ Ωk−1} has cardinality at
most eK (and also contains tj). Using the greedy algorithm, we can thus
find a collection Bj1 , . . . , Bjm̃

of bad lineages with m̃ � e−Km′, such that

(12) tjs
6∈ Rjr

for any 1 ≤ r < s ≤ m̃.

For each 1 ≤ s ≤ m̃, let Fs be the event that Ajs
carries the dominant

trait. As we have conditioned on Mk−1, this event depends only on the
values of the random signs akt for t ∈ Rjs . In particular, it depends on the
sign akts

. Furthermore, as Bjs
carries the dominant trait, the coefficient of

akts
in (6) is non-zero. This implies that if Fs fails (so Ajs

has the recessive
trait), then reversing the sign of akts

will make Fs true. Furthermore, by
(12), this sign reversal does not affect the truth of F1, . . . , Fs−1. We thus
conclude the conditional probability bound

P(Fs|F(F1, . . . , Fs−1)) ≥ 1/2,

where F(F1, . . . , Fs−1) is the σ-algebra generated by the events F1, . . . , Fs−1.
From Azuma’s inequality, we conclude that with probability 1−O(e−O(m̃)) ≥
1 − e−K (if n is sufficiently large depending on K), the event Fs will hold
for at least m := m̃/4 � e−Km′ (say) values of s. The individuals Ajs

associated to these values of s then obey the required properties to close
the induction. (Once again, the losses of e−K are acceptable as we are
only performing the induction K times; this is what causes the final loss of
e−Ω(K2) in the m parameter.)

The proof of Proposition 2.12 (and thus Theorem 1.1) is complete. �

Remark 2.14. Note the dependence of m on n is linear for fixed K. Because of
this, the above argument actually yields a slight strengthening of (8), namely that
P(|Ωn−1| < o(n)) = o(1) for any choice of function o(n) that grows slower than n.
However, this strengthening does not appear to improve the quantitative bounds
for Theorem 1.1, as the o(1) exceptional probability overwhelms the 1/

√
n-type

terms arising from (4).
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