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The problem of complexity
L

A AThe laws of phyS|cs let us (In prlnC|pIe at
least) predict thebehaviourof systems of

many Interacting objects.

K‘t’ A However, in practice, the equations given

these laws become too complicated to so
exactly when the numbe of objects
becomes Iarge
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The equatlons of motlon for the posmons

X0 U LX(t) oKNEparticles of masses ,
m,2 Xng under Newtonian gravity Is glven-
by the system of equations
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ForN=2, thissystem of equations can be
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Mass of a Binary System
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only problem togive Newton severe
headaches) there is no closedorm general

solution to the equations.
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It would seem that the problem only gets
worse for larger values d.




But whenN becomes extremely large, solutions |
begin to exhibit regularity and predictability &
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_ seemso bear little relation to the underlying
w&s laws of nature at the microscopic level.
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This Is a manifestation of a general

phenomenonknown asuniversalityK
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can obeyniversal lawshat do not depend
too much on the underlying microscopic
mechanism of the system.
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In some cases, we have a plausible mathematical
justificationfor universality; but in other cases,
the phenomenon is still only poorly understood.
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Accidental Deaths per Month

Forinstance, it Is an empirical fact that many
reaklife variables are approximately distributed
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This empiricatact can be mathematically
justified by theCentral Limit Theorem

(Informal statement) If a random variabkas an average
=(Xb Xy BN
of N independent random variables, then Blgoes to

Infinity, Xconverges in distribution to a normal
distribution.
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Histogram of Velocity Dispersions
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The central limit theorem explains the normal
distributed behaviourof many empirical

variables that can be plausibly modeled a:

additive averages of many independent factc

ly
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Sample size = 2,401
Margin of error = 2%

Sample size = 1,067
Margin of error = 3%

Sample size = 600
Margin of error = 4%

Sample size = 384
Margin of error = 5%

Sample size = 26

—l‘i[argin of error =10%a

40%o 45%0 S0%0 S55%o 60%o

For instance, it can be used to show that the mar
of error of a poll oN people is asymptotically
proportional tol / N2 (under ideal conditions)
regardless of the size of the entire voting

gir

population.
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Bycombining together many polls, carefully
weighted by reliability and accuracy, Nate Silve
gave electoral predictions for the 2008 US
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election in49 of 50 states (as well as all 35
35 Senate races).
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Pulsar Perlnds

0.35¢

Thenormal distribution is not the onIy universal 13
that has been observed in nature. For instang
Sy T BwiRdliversal law governing the fir

digit of many statistics.
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First two digits of a data set of accounts payable data

1 g dchual
== HEMfard's la& |
4%

This law asserts that the probability that the firs
digit of a statistic ik is equal to log, (k+1)/k
the probability that the first two digits arkis

l0g, o (k+1)/k and so forth.
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U.S. Cities (2009)
0.35 | |

0.30 |
0.25

Erﬂf"'"l LN i |

For instancea typical statistic will start with the

digit 1 about 30% of the time, but start with
only about 4.6% of the time.
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November | 24 | 2006

The law even holds (approximately) for more
artificial statistics, such d@hke birth day or birt

month of a randomly selected set of people

January | 26 | 2008
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First digit of 237 country populations in 2010

The law Is associatdd statistics that span man
orders of magnitude, and which are influenc
by alarge number omultiplicativefactors
(such as population growth or inflation).
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Plant Genome Sizes
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The central limit theorem then causése
logarithm of that statistic to be uniformly
distributed on small scales, which can then

usedtoderive Sy T+ BIMR Qa
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Fibonaccl Numbers fit Benford's Law
30

25

The law Ishot just anempirical law; It also
applies to many mathematical data sets.
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However, the law usually does NOT agplyiuman §
generated numbers; because of thisS Y T B}
Is a useful tool for detecting accounting fraud)
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Metropolitan Statistical Areas with Principal Cities in IL, IN, MI, OH, WI: 2005
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Number of Countries

50

Distribution of Olympic Medals, 2008

It is an example of a more genetalLJ2 &
f g€ | a@amsSkiiargegta | O
statistic in the upper tails proportional
In size tol/ke for some exponent.
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2005 United States
Income Distribution (Bottom 98%)

Each Mk equals 500,000 households

In the case of income distributior
the exponentc measures the

—

=22212: amount of economic inequality.
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Madium value (468,033 ver)

Average amount (902,114 yen)

L

3

v

10§
£ 10.

10.

Different countries may have a

different exponentcX
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UK INCOME DISTRIBUTION
Millions of househods

1.5
Median £377
Mean £463
1.0
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almost always a power law n
o matter what the country Is.
0
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£ per week (net of tax and benefits, 2006/7 prices)
SOURCE: TUC, Life in the Middle

The UK income distribution 1s quite uneven
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One reason for this is that pow
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This means that they are unaffected by
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multiplicative factors such as

3000000 population growth, mergers, or

splits.
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Most common searches at a fifharing service
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120 It IS a curious fact, though, that for
specific types of data sets, such as
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log10(population)

world city populations for 8 countries
log-size vs log-rank
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Wikipedia page hits vs. rank
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\ We still do not have a fully
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Universality phenomena show up
many areas of mathematics, suc

as the theory opercolation
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PERCOLATION

B s i —— i s

Béla Bollobids and Oliver Riordan QG

(which is studied right here at
Trinity!)
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models of percolatio

at the microscopic level

Involve some randomolouringof sites
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connected structures known as
clusters
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It is @ model for many physical
phenomena, such as the transition
of a material from an insulator to &
conductor.
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dioxide near the critical temperature
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temperature parameter.

Clusters for thesmgmodel at the crltlcal temperature
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£ Forlnstane for many models Itis
believed that the probabillity that two | <&
pointsx, ylie in the same cluster obeys af

power law relationship with the distan c’f

.‘_r“_

An invasion percolation cluster just below the critical temperaty
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law depending only on the dimension

d. (e.gc,=5/48 andc; = 1).

Clusters for square lattice bond percolation at the critical temperat:

re.




