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Determinantal processes

22 August 2008 in expository, math.PR, math.QA, math.SF

C Tags: GUE, point
processes. random matrices | by Terence Tac

12 comments (Edit)

Given a set S, a (simple) point process is a random subset 4 of S. (A
non-simple point process would allow multiplicity; more formally, 4 is no longer
a subset of S, but is a Radon measure on S, where we give S the structure of
a locally compact Polish space, but I do not wish to dwell on these sorts of
technical issues here.) Typically, A will be finite or countable, even when S is
uncountable. Basic examples of point processes include

¢ (Bernoulli point process) S is an at most countable set, ) < p < lisa
parameter, and 4 a random set such that the events &+ & A for each
x & S are jointly independent and occur with a probability of P each. This
process is automatically simple.

My own blog (terrytao.wordpress.com)
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254C, Notes 2: The Fourier transform

6 Ap 2009 245C - Real analysis. math.CA, math.GR, math.OA, math.RT

characters, Fourier series, Fourier transform, Pontryagin duality Terence Tac | 47

comments (Edit

In these notes we lay out the basic theory of the Fourier transform, which is of
course the most fundamental tool in harmonic analysis and also of major
importance in related fields (functional analysis, complex analysis, PDE, number
theory, additive combinatorics, representation theory, signal processing, etc.).
The Fourier transform, in conjunction with the Fourier inversion formula, allows
one to take essentially arbitrary (complex-valued) functions on a group (¢ (or
more generally, a space X that (7 acts on, e.g. a homogeneous space G"/H),
and decompose them as a (discrete or continuous) superposition of much more
symmetric functions on the domain, such as characters y : G — St the
precise superposition is given by Fourier coefficients f{f_), which take values in

some dual object such as the Pontryagin dual ¢; of (7. Characters behave in a
very simple manner with respect to translation (indeed, they are
eigenfunctions of the translation action), and so the Fourier transform tends to
simplify any mathematical problem which enjoys a translation invariance
symmetry (or an approximation to such a symmetry), and is somehow "“linear”
(i.e. it interacts nicely with superpositions). In particular, Fourier analytic
methods are particularly useful for studying operations such as convolution
f.g — [ * g and set-theoretic addition A. B +— A + B, or the closely
related problem of counting solutions to additive problems such as

T =y +as +azord = a; — a3, where (1. @3. @3 are constrained to lie in
specific sets A;. A5, A4. The Fourier transform is also a particularly powerful
tool for solving constant-coefficient linear ODE and PDE (because of the
translation invariance), and can also approximately solve some variable-
coefficient (or slightly non-linear) equations if the coefficients vary smoothly
enough and the nonlinear terms are sufficiently tame.

The Fourier transform f(f) also provides an important new way of looking at a
function f (';r), as it highlights the distribution of f in frequency space (the
domain of the frequency variable &) rather than physical space (the domain of
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Why global regularity for Navier-Stokes 1s hard

1 expository, math.AP, opinicn. question
Naxler Stokes equations, scale invariance, turbulence
Edit

critical equations
Terence Tac | 131 comments

It is always dangerous to venture an opinion as to why a problem is hard (cf.
Clarke’s first law), but I'm going to stick my neck out on this one, because (3) it
seems that there has been a lot of effort expended on this problem recently,
sometimes perhaps without full awareness of the main difficulties, and (b) I
would love to be proved wrong on this opinion :-) .

The global regularity problem for Navier-Stokes is of course a Clay Millennium
Prize problem and it would be redundant to describe it again here. I will note,
however, that it asks for existence of global smooth solutions to a Cauchy
problem for a nonlinear PDE. There are countless other global regularity results
of this type for many (but certainly not all) other nonlinear PDE; for instance,
global regularity is known for Navier-Stokes in two spatial dimensions rather
than three (this result essentially dates all the way back to Leray's thesis in
1933!). Why is the three-dimensional Navier-Stokes global regularity problem
considered so hard, when global regularity for so many other equations is
easy, or at least achievable?

(For this post, I am only considering the global regularity problem for Navier-
Stokes, from a purely mathematical viewpoint, and in the precise formulation
given by the Clay Institute; I will not discuss at all the question as to what
implications a rigorous solution (either positive or negative) to this problem
would have for physics, computational fluid dynamics, or other disciplines, as
these are beyond my area of expertise. But if anyone qualified in these fields
wants to make a comment along these lines, by all means do so.)

Read the rest of this entry »
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The blue-eyed islanders puzzle

£ 2008 gth.GM, math.IT, math.LO. non-technical | Tzgs: blue-eyed
islaffder puzzle, commoY information, logic puzzle, mathematical induction | by Terer
Taoyl 348 comments Egit

Given e @#as recently been a lot of discussion on this blog about this
logic puzzle, I thought I would make a dedicated post for it (and move all th
previous comments to this post). The text here is adapted from an earlier w
page of mine from a few years back.

The puzzle has a number of formulations, but I will use this one:

There is an island upon which a tribe resides. The tribe consists of 1000
people, with various eve colours. Yet, their religion forbids them to know
their own eye color, or even to discuss the topic; thus, each resident can
(and does) see the eye colors of all other residents, but has no way of
discovering his or her own (there are no reflective surfaces). If a
tribesperson does discover his or her own eve color, then their religion
compels them to commit ritual suicide at noon the following day in the
village square for all to witness. All the tribespeople are highly logical
and devout, and they all know that each other is also highly logical and
devout (and they all know that they all know that each other is highly
logical and devout, and so forth).

[Added. Feb 15: for the purposes of this logic puzzle, "highly logical"
means that any conclusion that can logically deduced from the
information and observations available to an islander, will automatically
be known to that islander.]

Of the 1000 islanders, it turns out that 100 of them have blue eves and
900 of them have brown eves, although the islanders are not initially
aware of these statistics (each of them can of course only see 999 of the
1000 tribespeople).

One day, a blue-eyed foreigner visits to the island and wins the complete
trust of the tribe.

to puzzles and recreat
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9 September, 2008 at 9:43 am Pete L. Clark: Thank you very much for
Anonymous your comments and for listing the two
(edit) papers.

A little comment regarding Hartshorne’s book: it's a good book, but when 1
studied it for the first time, I struggled very badly with it. It was mostly my
fault, but I think the book lacks crucial motivations in some parts. For example,
the section on proper maps was especially tough for me; it never even
mentions that properness is the analogue for compactness in topology. That
may be obvious for someone who has studied complex manifolds or Riemann
surfaces, but to a student who has not studied those, it's hard. Another thing
is that it's also difficult to learn from Hartshorne how to think about schemes
and their associated constructions such as fiber products. The functor of points
concept is very useful for understanding schemes, but the book doesn't
discuss it. So in short, I've found that Hartshorne is good for someone who
has had good preparation in geometry, but it's hard otherwise.

¢5 0 57 0 Rate This

Reply
S September, 2008 at 3:43 am  Jyst to add one more suggestion for qé‘é
Matthew Emerton arithmetic geometry exercises: St
(edit)

Silverman’s two books on elliptic curves have a
lot of terrific excercies, covering a wide range of number theory and geometry.
(While the geometry is naturally focused to a large extent on curves, the
second book has a chapter on elliptic surfaces, for example.)

These exercises vary quite a bit in difficulty, and are a good place to start for
problems of a more arithmetic nature than those in Hartshorne.

And for reading: good survey articles can often give a huge increase in
efficiency when

learning a new field. Even if the survey doesn't give all the details, it will guide
through

Blogs are interactive; in many cases, the comments are at least as

valuable as the main article.
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Semilinear Schrodinger equation

The semilinear Schrodinger equation (NLS) is displayed on the right-hand box, where the exponent p is fixed and is larger
than one. One can also replace the nonlinearity :tlul”_lu by a more general nonlinearity 7(z) of power type. The + sign
choice is the defocusing case; —is focusing. There are also several variants of NLS, such as NLS with potential or NLS on
manifolds and obstacles; see the general page on Schrodinger equations for more discussion.

Theory

The NLS has been extensively studied, and there is now a substantial theory on many topics concerning solutions to this
equation.

= Algebraic structure (Symmetries, conservation laws, transformations, Hamiltonian structure)
= Well-posedness (both local and global)

= Scattering (as well as asymptotic completeness and existence of wave operators)

= Stability of solitons (orbital and asymptotic)

= Blowug

= Unique continuation

Specific semilinear Schrodinger equations

There are many special cases of NLS which are of interest:

= Quadratic NLS

= Cubic NLS (on R, on R*2, on R"3, etc.)

= Quartic NLS

= Quintic NLS (on R, on T, on R*2, and on R3)
= Septic NLS

= Mass critical NLS

= Energy critical NLS

Categories: Equations | Schrodinger

This page was last modified on 21 July 2007, at 05:44. This page has been accessed 7,976 times.
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