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Abstract. For any n ≥ 0 and k ≥ 1, the density Hales-Jewett number cn,k is defined
as the size of the largest subset of the cube [k]n := {1, . . . , k}n which contains no
combinatorial line; similarly, the Moser number c′

n,k is the largest subset of the cube
[k]n which contains no geometric line. A deep theorem of Furstenberg and Katznelson
[5], [6], [10] shows that cn,k = o(kn) as n→∞ (which implies a similar claim for c′

n,k;
this is already non-trivial for k = 3. Several new proofs of this result have also been
recently established [11], [1].

Using both human and computer-assisted arguments, we compute several values
of cn,k and c′n, k for small n, k. For instance the sequence cn,3 for n = 0, . . . , 6 is
1, 2, 6, 18, 52, 150, 450, while the sequence c′

n,3 for n = 0, . . . , 5 is 1, 2, 6, 16, 43, 124. We
also establish some results for higher k, showing for instance that an analogue of the
LYM inequality (which relates to the k = 2 case) does not hold for higher k.
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1. Introduction



DENSITY HALES-JEWETT AND MOSER NUMBERS IN LOW DIMENSIONS 3

...

In Sections 4, 5 we will show

Theorem 1.1 (Values of c′n,3 for small n). We have c′0,3 = 1, c′1,3 = 2, c′2,3 = 6, c′3,3 = 16,
c′4,3 = 43, c′5,3 = 124, and 353 ≤ c′6,3 ≤ 361.

Remark 1.2. The values of c′n,3 for n = 0, 1, 2 are easily verified. The quantity c′3,3 was
first computed in [4], while the quantity c′4,3 was computed in [2]; we will give alternate
proofs of these results here. The bounds for c′5,3 and c′6,3 are new.

.. need to set out basic notation
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2. Lower bounds for the density Hales-Jewett problem
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This is where we will discuss the lower bounds for cn, including the asymptotic lower
bound. This will eventually absorb some material currently in the next section. Please
edit at

http://michaelnielsen.org/polymath1/index.php?title=dhj-lown-lower.tex
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3. Upper bounds for the k = 3 density Hales-Jewett problem
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cn is the size of the largest subset of [3]n that does not contain a combinatorial line.
The first few values are 1, 2, 6, 18, 52, 150 and 450. This sequence is in the Online
Encyclopaedia of Integer Sequences as sequence A156762. In this section we record the
proofs justifying these bounds.

3.1. Basic constructions. For all n ≥ 1, a basic example of a mostly line-free set is

Dn := {(x1, . . . , xn) ∈ [3]n :
n∑

i=1

xi 6= 0mod3} (3.1)

This has cardinality |Dn| = 2× 3n−1 . The only lines in Dn are those with

• A number of wildcards equal to a multiple of three;
• The number of 1s unequal to the number of 2s modulo 3.

One way to construct line-free sets is to start with Dn and remove some additional
points. We also have the variants Dn,0 = Dn, Dn,1, Dn,2 defined as

Dn,j := {(x1, . . . , xn) ∈ [3]n :
n∑

i=1

xi 6= jmod3} (3.2)

When n is not a multiple of 3, then Dn,0, Dn,1 and Dn,2 are all cyclic permutations of
each other; but when n is a multiple of 3, then Dn,0 plays a special role (though Dn,1

and Dn,2 are still interchangeable). Another useful construction proceeds by using the
slices Γa,b,c ⊂ [3]n for (a, b, c) in the triangular grid

∆n := {(a, b, c) ∈ Z3
+ : a+ b+ c = n}, (3.3)

where Γa,b,c is defined as the strings in [3]n with a 1s, b 2s, and c 3s. Note that

|Γa,b,c| =
n!

a!b!c!
. (3.4)

Given any set B ⊂ ∆n that avoids equilateral triangles (a+r, b, c), (a, b+r, c), (a, b, c+r),
the set

ΓB := d(a,b,c)∈BΓa,b,c (3.5)

is line-free and has cardinality

|ΓB| =
∑

(a,b,c)∈B

n!

a!b!c!
, (3.6)

and thus provides a lower bound for cn:

cn ≥
∑

(a,b,c)∈B

n!

a!b!c!
. (3.7)

All lower bounds on cn have proceeded so far by choosing a good set of B and applying
(3.7). Note that Dn is the same as ΓBn , where Bn consists of those triples (a, b, c) ∈ ∆n

in which a 6= b mod 3. Note that if one takes a line-free set and permutes the alphabet
{1, 2, 3} in any fashion (e.g. replacing all 1s by 2s and vice versa), one also gets a
line-free set. This potentially gives six examples from any given starting example of
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a line-free set, though in practice there is enough symmetry that the total number of
examples produced this way is less than six. (These six examples also correspond to
the six symmetries of the triangular grid ∆n formed by rotation and reflection.)

Another symmetry comes from permuting the n indices in the strings of [3]n (e.g. re-
placing every string by its reversal). But the sets ΓB are automatically invariant under
such permutations and thus do not produce new line-free sets via this symmetry. [3]n+1

can be expressed as the union of three copies of [3]n, so we have the basic upper bound

cn+1 ≤ 3cn. (3.8)

Note that equality only occurs if one can find an n + 1-dimensional line-free set such
that every n-dimensional slice has the maximum possible cardinality of cn.

3.2. Small values of cn. It is clear that c0 = 1 and c1 = 2.

The three sets D1 = {1, 2}, D1,1 = {2, 3}, and D1,2 = {1, 3} are the only two-element
sets which are line-free in [3]1, and there are no three-element sets.

There are four six-element sets in [3]2 which are line-free, which we denote

x := D2,2 = 12, 13, 21, 22, 31, 33 (3.9)

y := D2,1 = 11, 12, 21, 23, 32, 33, (3.10)

z := D2 = 11, 13, 22, 23, 31, 32 (3.11)

w := 12, 13, 21, 23, 31, 32 (3.12)

Combining this with the basic upper bound (3.8) we see that c2 = 6.

3.3. c3 = 18. We describe a subset A of [3]3 as a string abc, where a, b, c ⊂ [3]2 corre-
spond to strings of the form 1 ∗ ∗, 2 ∗ ∗, 3 ∗ ∗ in [3]3 respectively. Thus for instance
D3 = xyz, and so from (3.8) we have c3 = 18.

Lemma 3.1. The only 18-element line-free subset of [3]3 is D3 = xyz. The only 17-
element line-free subsets of [3]3 are formed by removing a point from D3 = xyz, or by
removing either 111, 222, or 333 from D3,2 = yzx or D3,3 = zxy.

Proof. We prove the second claim. As 17 = 6 + 6 + 5, and c2 = 6, at least two of
the slices of a 17-element line-free set must be from x, y, z, w, with the third slice
having 5 points. If two of the slices are identical, the last slice can have only 3 points, a
contradiction. If one of the slices is a w, then the 5-point slice will contain a diagonal,
contradiction. By symmetry we may now assume that two of the slices are x and y,
which force the last slice to be z with one point removed. Now one sees that the slices
must be in the order xyz, yzx, or zxy, because any other combination has too many
lines that need to be removed. The sets yzx, zxy contain the diagonal {111, 222, 333}
and so one additional point needs to be removed. The first claim follows by a similar
argument to the second. �
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3.4. c4 = 52. Indeed, divide a line-free set in [3]4 into three blocks 1 ∗ ∗∗, 2 ∗ ∗∗, 3 ∗ ∗∗
of [3]3. If two of them are of size 18, then they must both be xyz, and the third block
can have at most 6 elements, leading to an inferior bound of 42. So the best one can do
is 18 + 17 + 17 = 52 which can be attained by deleting the diagonal {1111, 2222, 3333}
from D4,1 = xyzyzxxzy, D4 = yzxzxyxyz, or D4,2 = zxyxyzyzx. In fact,

Lemma 3.2. • The only 52-element line-free sets in [3]4 are formed by removing
the diagonal {1111, 2222, 3333} from D4,j for some j = 0, 1, 2.
• The only 51-element line-free sets in [3]4 are formed by removing the diagonal

and one further point from D4,j for some j = 0, 1, 2.
• The only 50-element line-free sets in [3]4 are formed by removing the diagonal and

two further points from D4,j for some j = 0, 1, 2 OR is equal to one of the three
permutations of the set X := Γ3,1,0∪Γ3,0,1∪Γ2, 2, 0∪Γ2,0,2∪Γ1,1,2∪Γ1,2,1∪Γ0,2,2.

Proof. It suffices to prove the third claim. In fact it suffices to show that every 50-point
line-free set is either contained in the 54-point set D4,j for some j = 0, 1, 2, or is some
permutation of the set X. Indeed, if a 50-point line-free set is contained in, say, D4,
then it cannot contain 2222, since otherwise it must omit one point from each of the
four pairs formed from {2333, 2111} by permuting the indices, and must also omit one
of {1111, 1222, 1333}, leading to at most 49 points in all; similarly, it cannot contain
1111, and so omits the entire diagonal {1111, 2222, 3333}, with two more points to be
omitted. Similarly when D4 is replaced by one of the other D4,j. Next, observe that
every three-dimensional slice of a line-free set can have at most c3 = 18 points; thus
when one partitions a 50-point line-free set into three such slices, it must divide either
as 18 + 16 + 16, 18 + 17 + 15, 17 + 17 + 16, or some permutation of these. Suppose that
we can slice the set into two slices of 17 points and one slice of 16 points. By the various
symmetries, we may assume that the 1 ∗ ∗∗ slice and 2 ∗ ∗∗ slices have 17 points, and
the 3 ∗ ∗∗ slice has 16 points. By Lemma 3.1, the 1-slice is {1} × D3,j with one point
removed, and the 2-slice is {2}×D3,k with one point removed, for some j, k ∈ {0, 1, 2}.
If j = k, then the 1-slice and 2-slice have at least 15 points in common, so the 3-slice
can have at most 27 − 15 = 12 points, a contradiction. If jk = 01, 12, or 20, then
observe that from Lemma 3.1 the ∗1 ∗ ∗, ∗2 ∗ ∗, ∗3 ∗ ∗ slices cannot equal a 17-point or
18-point line-free set, so each have at most 16 points, leading to only 48 points in all, a
contradiction. Thus we must have jk = 10, 21, or 02.

Let’s first suppose that jk = 02. Then by Lemma 3.1, the 2 ∗ ∗∗ slice contains the nine
points formed from {2211, 2322, 2331} and permuting the last three indices, while the
1∗∗∗ slice contains at least eight of the nine points formed from {1211, 1322, 1311} and
permuting the last three indices. Thus the 3 ∗ ∗∗ slice can contain at most one of the
nine points formed from {3211, 3322, 3311} and permuting the last three indices. If it
does contain one of these points, say 3211, then it must omit one point from each of the
four pairs {3222, 3233}, {3212, 3213}, {3221, 3231}, {3111, 3311}, leading to at most 15
points on this slice, a contradiction. So the 3 ∗ ∗∗ slice must omit all nine points, and is
therefore contained in {3} ×D4,1, and so the 50-point set is contained in D4,1, and we
are done by the discussion at the beginning of the proof.
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The case jk = 10 is similar to the jk = 02 case (indeed one can get from one case to
the other by swapping the 1 and 2 indices). Now suppose instead that jk = 12. Then
by Lemma 3.1, the 1 ∗ ∗∗ slice contains the six points from permuting the last three
indices of 1123, and similarly the 2 ∗ ∗∗ slice contains the six points from permuting
the last three indices of 2123. Thus the 3 ∗ ∗∗ slice must avoid all six points formed by
permuting the last three indices of 3123. Similarly, as 1133 lies in the 1 ∗ ∗∗ slice and
2233 lies in the 2 ∗ ∗∗ slice, 3333 must be avoided in the 3 ∗ ∗∗ slice.

Now we claim that 3111 must be avoided also; for if 3111 was in the set, then one point
from each of the six pairs formed from {3311, 3211}, {3331, 3221} and permuting the
last three indices must lie outside the 3 ∗ ∗∗ slice, which reduces the size of that slice to
at most 27− 6− 1− 6 = 14, which is too small. Similarly, 3222 must be avoided, which
puts the 3 ∗ ∗∗ slice inside {3}×D3 and then places the 50-point set inside D4, and we
are done by the discussion at the beginning of the proof. We have handled the case in
which at least one of the slicings of the 50-point set is of the form 50 = 17+17+16. The
only remaining case is when all slicings of the 50-point set are of the form 18 + 16 + 16
or 18 + 17 + 15 (or a permutation thereof). By the symmetries of the situation, we
may assume that the 1 ∗ ∗∗ slice has 18 points, and thus by Lemma 3.1 takes the form
{1}×D3. Inspecting the ∗1 ∗ ∗, ∗2 ∗ ∗, ∗3 ∗ ∗ slices, we then see (from Lemma 3.1) that
only the ∗1 ∗ ∗ slice can have 18 points; since we are assuming that this slicing is some
permutation of 50 = 18 + 17 + 16, we conclude that the ∗1 ∗ ∗ slice must have exactly
18 points, and is thus described precisely by Lemma 3.1. Similarly for the ∗ ∗ 1∗ and
∗ ∗ ∗1 slices. Indeed, by Lemma 3.1, we see that the 50-point set must agree exactly
with D4,1 on any of these slices. In particular, on the remaining portion {2, 3}4 of the
cube, there are exactly 6 points of the 50-point set in {2, 3}4. Suppose that 3333 was
in the set; then since all permutations of 3311, 3331 are known to lie in the set, then
3322, 3332 must lie outside the set. Also, as 1222 lies in the set, at least one of 2222,
3222 lie outside the set. This leaves only 5 points in {2, 3}4, a contradiction. Thus 3333
lies outside the set; similarly 2222 lies outside the set.

Let a be the number of points in the 50-point set which are some permutation of 2233,
thus 0 ≤ a ≤ 6. If a = 0 then the set lies in D4,1 and we are done. If a = 6 then the set
is exactly X and we are done. Now suppose a = 1, 2, 3. By symmetry we may assume
that 2233 lies in the set. Then (since 2133, 12332231, 2213 are known to lie in the set)
2333, 3233, 2223, 2232 lie outside the set, which leaves at most 5 points inside {2, 3}4,
a contradiction. The remaining case is when a = 4, 5. Then one of the three pairs
{2233, 3322}, {2323, 3232}, {2332, 3223} lie in the set. By symmetry we may assume
that {2233, 3322} lie in the set. Then by arguing as before we see that all eight points
formed by permuting 2333 or 3222 lie outside the set, leading to at most 5 points inside
{2, 3}4, a contradiction. �

3.5. c5 = 150, c6 = 450.

Lemma 3.3. Any line-free subset of D5,j can have at most 150 points.
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Proof. By rotation we may work with D5. This set has 162 points. By looking at
the triplets {10000, 11110, 12220} and cyclic permutations we must lose 5 points; sim-
ilarly from the triplets {20000, 22220, 21110} and cyclic permutations. Finally from
{11000, 11111, 11222} and {22000, 22222, 22111} we lose two more points. �

Equality can be attained by removing Γ0,4,1,Γ0,5,0,Γ4,0,1,Γ5,0,0 from D5. Thus c5 ≥ 150.

Another pattern of 150 points is this: Take the 450 points in [3]6 which are Γ1,2,3, Γ0,2,4

and permutations, then select the 150 whose final coordinate is 1.

Lemma 3.4. A line-free subset of [3]5 with over 150 points cannot have two parallel
[3]4 slices, each of which contain at least 51 points.

Proof. Suppose not. By symmetry, we may assume that the 1 ∗ ∗ ∗ ∗ and 2 ∗ ∗ ∗ ∗ slices
have at least 51 points, and that the whole set has at least 151 points, which force the
third slice to have at least 1512c4 = 47 points.

By Lemma 3.2, the 1 ∗ ∗ ∗ ∗ slice takes the form {1} × D4,j for some j = 0, 1, 2 with
the diagonal {11111, 12222, 13333} and possibly one more point removed, and similarly
the 2 ∗ ∗ ∗ ∗ slice takes the form {2} × D4,k for some k = 0, 1, 2 with the diagonal
{21111, 22222, 23333} and possibly one more point removed.

Suppose first that j = k. Then the 1-slice and 2-slice have at least 50 points in common,
leaving at most 31 points for the 3-slice, a contradiction. Next, suppose that jk = 01.
Then observe that the ∗i ∗ ∗∗ slice cannot look like any of the configurations in Lemma
3.2 and so must have at most 50 points for i = 1, 2, 3, leading to 150 points in all, a
contradiction. Similarly if jk = 12 or 20. Thus we must have jk equal to 10, 21, or 02.

Let’s suppose first that jk = 10. The first slice then is equal to {1} × D4,1 with
the diagonal and possibly one more point removed, while the second slice is equal to
{2} × D4,0 with the diagonal and possibly one more point removed. Superimposing
these slices, we thus see that the third slice is contained in {3} ×D4,2 except possibly
for two additional points, together with the one point 32222 of the diagonal that lies
outside of {3} ×D4,2.

The lines x12xx, x13xx (plus permutations of the last four digits) must each contain
one point outside the set. The first two slices can only absorb two of these, and so at
least 14 of the 16 points formed by permuting the last four digits of 31233, 31333 must
lie outside the set. These points all lie in {3} ×D4,2, and so the 3 ∗ ∗ ∗ ∗ slice can have
at most |D4,2| − 14 + 3 = 43 points, a contradiction.

The case jk = 02 is similar to the case jk = 10 (indeed one can obtain one from the
other by swapping 1 and 2). Now we turn to the case jk = 21. Arguing as before we
see that the third slice is contained in {3}×D4 except possibly for two points, together
with 33333.
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If 33333 was in the set, then each of the lines xx333, xxx33 (and permutations of the
last four digits) must have a point missing from the first two slices, which cannot be
absorbed by the two points we are permitted to remove; thus 33333 is not in the set.
For similar reasons, 33331 is not in the set, as can be seen by looking at xxx31 and
permutations of the last four digits. Indeed, any string containing four threes does not
lie in the set; this means that at least 8 points are missing from {3} ×D4, leaving only
at most 46 points inside that set. Furthermore, any point in the 3 ∗ ∗ ∗ ∗ slice outside of
{3}×D4 can only be created by removing a point from the first two slices, so the total
cardinality is at most 46 + 52 + 52 = 150, a contradiction. �

Corollary 3.5. c5 ≤ 152.

Proof. By Lemma 3.4 and the bound c4 = 52, any line-free set with over 150 points
can have one slice of cardinality 52, but then the other two slices can have at most 50
points. �

Lemma 3.6. Any solution with 151or more points has a slice with at most 49 points.

Proof. Suppose we have 151 points without a line, and each of three slices has at least
50 points. Using earlier notation, we split subsets of [3]4 into nine subsets of [3]2. So
we think of x, y, z, a, b and c as subsets of a square. Each slice is one of the following:

• D4 = y′zx, zx′y, xyz (with one or two points removed)
• D4,2 = z′xy, xyz, yzx′ (with one or two points removed)
• D4,1 = xyz, yz′x, zxy′ (with one or two points removed)
• X = xyz, ybw, zwc
• Y = axw, xyz, wzc
• Z = awx,wby, xyz

where a, b and c have four points each: a = {2, 3}2, b = {1, 3}2 and c = {1, 2}2. x′, y′
and z′ are subsets of x, y and z respectively, and have five points each.

Suppose all three slices are subsets of D4,j. We can remove at most five points from
the full set of three D4,j. Consider columns 2, 3, 4, 6, 7, 8. At most two of these columns
contain xyz, so one point must be removed from the other four. This uses up all but
one of the removals. So the slices must be D4,2, D4,1, D4,0 or a cyclic permutation of
that. Then the cube, which contains the first square of slice 1; the fifth square of slice
2; and the ninth square of slice 3, contains three copies of the same square. It takes
more than one point removed to remove all lines from that cube. So we can’t have all
three slices subsets of D4,j.

Suppose one slice is X, Y or Z, and two others are subsets of D4,j. We can remove
at most three points from the full D4,j By symmetry, suppose one slice is X. Consider
columns 2, 3, 4 and 7. They must be cyclic permutations of x, y, z, and two of them
are not xyz, so must lose a point. Columns 6 and 8 must both lose a point, and we
only have 150 points left. So if one slice is X, Y or Z, the full set contains a line.
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Suppose two slices are from X, Y and Z, and the other is a subset of D4,j. By symmetry,
suppose two slices are X and Y . Columns 3, 6, 7 and 8 all contain w, and therefore at
most 16 points each. Columns 1, 5 and 9 contain a, b, or c, and therefore at most 16
points. So the total number of points is at most 7 ∗ 16 + 2 ∗ 18 = 148. This contradicts
the assumption of 151 points. �

Corollary 3.7. c5 ≤ 151.

Proof. By Lemmas 3.4 and 3.6, the maximum number of points is 52+50+49 = 151. �

Lemma 3.8. No solution with 151 points contains as a slice the X defined in Lemma
3.2.

Proof. Suppose one row is X. Another row is D4,j. Suppose X is in the first row. Label
the other rows with letters from the alphabet.

xyzybw zwc

mnopqr stu

defghi jkl

Reslice the array into a left nine, middle nine and right nine. One of these squares
contains 52 points, and it can only be the left nine. One of its three columns contains
18 points, and it can only be its left-hand column, xmd. So m = y and d = z. But
none of the D4,j begins with y or z, which is a contradiction. So X is not in the first
row. So X is in the second or third row. By symmetry, suppose it is in the second row

defghi jkl

xyzybw zwc

mnopqr stu

Again, the left-hand nine must contain 52 points, so it is D4,2. So either the first row is
D4,2 or the third row is D4,0. If the first row is D4,2 then the only way to have 50 points
in the middle or right-hand nine is if the middle nine is X

z′xyxyz yzx′

xyzybw zwc

yzx′zwc stu

In the seventh column, s contains 5 points and in the eighth column, t contains 4 points.
The final row can now contain at most 48 points, and the whole array contains only
52 + 50 + 48 = 150 points.

If the third row is D4,0, then neither the middle nine nor the right-hand nine contains
50 points, by the classification of Lemma 3.2 and the formulas at the start of Lemma
3.6. Again, only 52 + 49 + 49 = 150 points are possible.

A similar argument is possible if X is in the third row; or if X is replaced by Y or Z.

So when a 151-point set is sliced into three, one slice is D4,j and another slice is 50
points contained in D4,k. �
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Lemma 3.9. There is no 151-point solution.

Proof. Assume by symmetry that the first row contains 52 points and the second row
contains 50. If D4,1 is in the first row, then the second row must be contained in D4,0.

xyzyz′x zxy′

y′zxzx′y xyz

defghi jkl

But then none of the left nine, middle nine or right nine can contain 52 points, which
contradicts Corollary 3.7. Suppose the first row is D4,0. Then the second row is con-
tained in D4,2, otherwise the cubes formed from the nine columns of the diagram would
need to remove too many points.

y′zxzx′y xyz

z′xyxyz yzx′

defghi jkl

But then neither the left nine, middle nine nor right nine contain 52 points. So the first
row contains D4,2, and the second row is contained in D4,1. Two points may be removed
from the second row of this diagram.

z′xyxyz yzx′

xyzyz′x zxy′

defghi jkl

Slice it into the left nine, middle nine and right nine. Two of them are contained in
D4,j so at least two of def , ghi, and jkl are contained in the corresponding slice of
D4,0. Slice along a different axis, and at least two of dgj, ehk, fil are contained in the
corresponding slice of D4,0. So eight of the nine squares in the bottom row are contained
in the corresponding square of D4,0. Indeed, slice along other axes, and all points except
one are contained within D4,0. This point is the intersection of all the 49-point slices.
So, if there is a 151-point solution, then after removal of the specified point, there is a
150-point solution, within D5,j, whose slices in each direction are 52 + 50 + 48.

z′xyxyz yzx′

xyzyz′x zxy′

y′zxzx′y xyz

One point must be lost from columns 3, 6, 7 and 8, and four more from the major
diagonal z′z′z. That leaves 148 points instead of 150. So the 150-point solution does
not exist with 52 + 50 + 48 slices; so the 151 point solution does not exist. �

Corollary 3.10. c6 = 450

Proof. The upper bound follows since c6 ≤ 3c5. The lower bound can be formed by
gluing together all the slices Γa,b,c where (a, b, c) is a permutation of (0, 2, 4) or (1, 2, 3).

�
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4. Lower bounds for the Moser problem



16 D.H.J. POLYMATH

This is where we will discuss lower bounds on Moser sets in k = 3. Please edit at

http://michaelnielsen.org/polymath1/index.php?title=moser-lower.tex
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5. Upper bounds for the k = 3 Moser problem in small dimensions
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The purpose of this section is to prove Theorem 1.1 by establishing upper bounds on
c′n,3 for n ≤ 6.

5.1. Statistics, densities and slices. Our analysis will revolve around various statis-
tics of Moser sets A ⊂ [3]n, their associated densities, and the behavior of such statistics
and densities with respect to the operation of passing from the cube [3]n to various slices
of that cube.

Definition 5.1 (Statistics and densities). Let A ⊂ [3]n be a set. For any 0 ≤ i ≤ n,
let the “sphere” Si,n ⊂ [3]n denote the set of all strings in [3]n which contain exactly i
“2”s, and set ai(A) := |A ∩ Si,n| thus we have

0 ≤ ai(A) ≤ |Si,n| =
(
n

i

)
2n−i

for 0 ≤ i ≤ n and
a0(A) + . . .+ an(A) = |A|.

We refer to the vector (a0(A), . . . , an(A)) as the statistics of A. We define the ith density
αi(A) to be the quantity

αi(A) :=
ai(A)(
n
i

)
2n−i

,

thus 0 ≤ αi(A) ≤ 1 and

|A| =
n∑

i=0

(
n

i

)
2n−iai(A).

Example 5.2. Let n = 2 and A be the Moser set A := {12, 13, 21, 23, 31, 32}. Then the
statistics (a0(A), a1(A), a2(A)) of A are (2, 4, 0), and the densities (α0(A), α1(A), α2(A))
are (1

2
, 1, 0). Include picture here? with colours?

It will also be useful to partition Si,n = So
i,n ∪ Se

i,n, where So
i,n are those strings in Si,n

with an odd number of 1’s, and Se
i,n are those strings with an even number of 1’s.

When working with small values of n, it will be convenient to write a(A), b(A), c(A),
etc. for a0(A), a1(A), a2(A), etc., and similarly write α(A), β(A), γ(A), etc. for α0(A),
α1(A), α2(A), etc. Thus for instance in Example 5.2 we have b(A) = 4 and α(A) = 1

2
.

Definition 5.3 (Subspace statistics and densities). If V is a k-dimensional geometric
subspace of [3]n, then we have a map φV : [3]k → [3]n from the k-dimensional cube
to the n-dimensional cube. If A ⊂ [3]n is a set and 0 ≤ i ≤ k, we write ai(V,A) for
ai(φ

−1
V (A)) and αi(V,A) for αi(φ

−1
V (A)). If the set A is clear from context, we abbreviate

ai(V,A) as ai(V ) and αi(V,A) as αi(V ).

For our problem, a particularly important type of subspace of [3]n will be the slices
formed by fixing one coordinate and letting the other n − 1 coordinates vary. We will
denote this by a single string in which the n−1 varying coordinates are denoted by aster-
isks. For instance, in [3]2, 1∗ denotes the slice 1∗ = {11, 12, 13}, ∗2 denotes the slice ∗2 =
{12, 22, 32}, etc.; similarly, in [3]3, 1∗∗ is the slice {111, 112, 113, 121, 122, 123, 131, 132, 133},
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etc. We call a slice a centre slice if the fixed coordinate is 2 and a side slice if it is 1 or
3.

Example 5.4. We continue Example 5.2. Then the statistics of the side slice 1∗ are
(a(1∗), b(1∗)) = (1, 1), while the statistics of the centre slice 2∗ are (a(2∗), b(2∗)) =
(2, 0). The corresponding densities are (α(1∗), β(1∗)) = (1/2, 1) and (α(2∗), β(2∗)) =
(1, 0).

A simple double counting argument gives the following useful identity:

Lemma 5.5 (Double counting identity). Let A ⊂ [3]n and 0 ≤ i ≤ n − 1. Then we
have

1

n− i− 1

∑
V a side slice

ai+1(V ) =
1

i+ 1

∑
W a centre slice

ai(W ) = ai+1(A)

where V ranges over the 2n side slices of [3]n, and W ranges over the n centre slices.
In other words, the average value of αi+1(V ) for side slices V equals the average value
of αi(W ) for centre slices W , which is in turn equal to αi+1(A).

Indeed, this lemma follows from the observation that every string in A∩ Si+1,n belongs
to i+ 1 centre slices W (and contributes to ai(W )) and to n− i− 1 side slices V (and
contributes to ai+1(V )). One can also view this lemma probabilistically, as the assertion
that there are three equivalent ways to generate a random string of length n:

• Pick a side slice V at random, and randomly fill in the wildcards in such a way
that i+ 1 of the wildcards are 2’s (i.e. using an element of Si+1,n−1).
• Pick a centre slice V at random, and randomly fill in the wildcards in such a

way that i of the wildcards are 2’s (i.e. using an element of Si,n−1).
• Randomly choose an element of Si+1,n.

Example 5.6. We continue Example 5.2. The average value of β for side slices is equal
to the average value of α for centre slices, which is equal to β(A) = 1.

Another very useful fact (essentially due to [4]) is that linear inequalities for statistics
of Moser sets at one dimension propagate to linear inequalities in higher dimensions:

Lemma 5.7 (Propagation lemma). Let n ≥ 1 be an integer. Suppose one has a linear
inequality of the form

n∑
i=0

viαi(A) ≤ s (5.1)

for all Moser sets A ⊂ [3]n and some real numbers v0, . . . , vn, s. Then we also have the
linear inequality

n∑
i=0

viαqi+r(A) ≤ s

whenever q ≥ 1, r ≥ 0, N ≥ nq + r are integers and A ⊂ [3]N is a Moser set.
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Proof. We run a probabilistic argument (one could of course also use a double counting
argument instead). Let n, v0, . . . , vn, s, q, r,N,A be as in the lemma. Let V be a random
n-dimensional geometric subspace of [3]N , created in the following fashion:

• Pick n wildcards x1, . . . , xn to run independently from 1 to 3. We also introduce
dual wildcards x1, . . . , xn; each xj will take the value 4− xj.
• We randomly subdivide the N coordinates into n groups of q coordinates, plus

a remaining group of N − nq “fixed” coordinates.
• For each coordinate in the jth group of q coordinates for 1 ≤ j ≤ n, we randomly

assign either a xj or xj.
• For each coordinate in the N −nq fixed coordinates, we randomly assign a digit

1, 2, 3, but condition on the event that exactly r of the digits are equal to 2 (i.e.
we use a random element of Sr,N−nq).
• Let V be the subspace created by allowing x1, . . . , xn to run independently from

1 to 3, and xj to take the value 4− xj.

For instance, if n = 2, q = 2, r = 1, N = 6, then a typical subspace V generated in this
fashion is

2x1x23x2x1 = {213311, 212321, 211331, 223312, 222322, 221332, 233313, 232323, 231333}.
Observe from that the following two ways to generate a random element of [3]N are
equivalent:

• Pick V randomly as above, and then assign (x1, . . . , xn) randomly from Si,n.
Assign 4− xj to xj for all 1 ≤ j ≤ n.
• Pick a random string in Sqi+r,N .

Indeed, both random variables are invariant under the symmetries of the cube, and
both random variables always pick out strings in Sqi+r,N , and the claim follows. As a
consequence, we see that the expectation of αi(V ) (as V ranges over the recipe described
above) is equal to αqi+r(A). On the other hand, from (5.1) we have

n∑
i=0

viαi(V ) ≤ s

for all such V ; taking expectations over V , we obtain the claim. �

In view of Lemma 5.7, it is of interest to locate linear inequalities relating the densities
αi(A), or (equivalently) the statistics ai(A). For this, it is convenient to introduce the
following notation.

Definition 5.8. Let n ≥ 1 be an integer.

• A vector (a0, . . . , an) of non-negative integers is feasible if it is the statistics of
some Moser set A.
• A feasible vector (a0, . . . , an) is Pareto-optimal if there is no other feasible vector

(b0, . . . , bn) 6= (a0, . . . , an) such that bi ≥ ai for all 0 ≤ i ≤ n.
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• A Pareto-optimal vector (a0, . . . , an) is extremal if it is not a non-trivial convex
linear combination of other Pareto-optimal vectors.

To establish a linear inequality of the form (5.1) with the vi non-negative, it suffices to
test the inequality against densities associated to extremal vectors of statistics. (There
is no point considering linear inequalities with negative coefficients vi, since one always
has the freedom to reduce a density αi(A) of a Moser set A to zero, simply by removing
all elements of A with exactly i 2’s.)

We will classify exactly the Pareto-optimal and extremal vectors for n ≤ 3, which by
Lemma 5.7 will lead to useful linear inequalities for n ≥ 4. Using a computer, we have
also located a partial list of Pareto-optimal and extremal vectors for n = 4, which are
also useful for the n = 5 and n = 6 theory.

5.2. Up to three dimensions. We now establish Theorem 1.1 for n ≤ 3, and establish
some auxiliary inequalities which will be of use in higher dimensions.

The case n = 0 is trivial. When n = 1, it is clear that c′1,3 = 2, and furthermore that
the Pareto-optimal statistics are (2, 0) and (1, 1), which are both extremal. This leads
to the linear inequality

2α(A) + β(A) ≤ 2

for all Moser sets A ⊂ [3]1, which by Lemma 5.7 implies that

2αr(A) + αr+q(A) ≤ 2 (5.2)

whenever r ≥ 0, q ≥ 1, n ≥ q + r, and A ⊂ [3]n is a Moser set.

For n = 2, we see by partitioning [3]2 into three slices that c′2,3 ≤ 3c′1,3 = 6, and so (by the
lower bounds in the previous section) c′2,3 = 6. Writing (a, b, c) = (a(A), b(A), c(A)) =
(4α(A), 4β(A), γ(A)), the inequalities (5.2) become

a+ 2c ≤ 4; b+ 2c ≤ 4; 2a+ b <= 8. (5.3)

Lemma 5.9. When n = 2, the Pareto-optimal statistics are (4, 0, 0), (3, 2, 0), (2, 4, 0), (2, 2, 1).
In particular, the extremal statistics are (4, 0, 0), (2, 4, 0), (2, 2, 1).

Proof. One easily checks that all the statistics listed above are feasible. Consider the
statistics (a, b, c) of a Moser set A ⊂ [3]2. c is either equal to 0 or 1. If c = 1,
then (5.3) implies that a, b ≤ 2, so the only Pareto-optimal statistic here is (2, 2, 1).
When instead c = 0, the inequalities (5.3) can easily imply the Pareto-optimality of
(4, 0, 0), (3, 2, 0), (2, 4, 0). �

From this lemma we see that we obtain a new inequality 2a + b + 2c ≤ 8. Converting
this back to densities and using Lemma 5.7, we conclude that

4αr(A) + 2αr+q(A) + αr+2q ≤ 4 (5.4)

whenever r ≥ 0, q ≥ 1, n ≥ q + 2r, and A ⊂ [3]n is a Moser set.
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Now we look at three dimensions. Writing (a, b, c, d) for the statistics of a Moser set
A ⊂ [3]n (which thus range between (0, 0, 0, 0) and (8, 12, 6, 1)), the inequalities (5.2)
imply in particular that

a+ 4d ≤ 8; b+ 6d ≤ 12; c+ 3d ≤ 6; 3a+ 2c ≤ 24; b+ c ≤ 12 (5.5)

while (5.4) implies that

3a+ b+ c ≤ 24; b+ c+ 3d ≤ 12. (5.6)

Summing the inequalities b+ c ≤ 12, 3a+ b+ c ≤ 24, b+ c+ 3d ≤ 12 yields

3(a+ b+ c+ d) ≤ 48

and hence |A| = a+b+c+d ≤ 16; comparing this with the lower bounds of the preceding
section we obtain c′3,3 = 16 as required. (This argument is essentially identical to the
one in [4]).

A brute-force search of the 227 subsets of [3]3 reveals that

Lemma 5.10. When n = 3, the Pareto-optimal statistics are

(3, 6, 3, 1), (4, 4, 3, 1), (4, 6, 2, 1), (2, 6, 6, 0), (3, 6, 5, 0), (4, 4, 5, 0), (3, 7, 4, 0), (4, 6, 4, 0), (3, 9, 3, 0), (4, 7, 3, 0), (5, 4, 3, 0), (4, 9, 2, 0), (5, 6, 2, 0), (6, 3, 2, 0), (3, 10, 1, 0), (5, 7, 1, 0), (6, 4, 1, 0), (4, 12, 0, 0), (5, 9, 0, 0), (6, 6, 0, 0), (7, 3, 0, 0), (8, 0, 0, 0).

In particular, the extremal statistics are

(3, 6, 3, 1), (4, 4, 3, 1), (4, 6, 2, 1), (2, 6, 6, 0), (4, 4, 5, 0), (4, 6, 4, 0), (4, 12, 0, 0), (8, 0, 0, 0).

This then yields the following new inequalities:

2a+ b+ 2c+ 4d ≤ 22

3a+ 2b+ 3c+ 6d ≤ 36

7a+ 2b+ 4c+ 8d ≤ 56

6a+ 2b+ 3c+ 6d ≤ 48

a+ 2c+ 4d ≤ 14

5a+ 4c+ 8d ≤ 40.

It may be possible to prove these inequalities by hand, thus avoiding the
need for brute-force search. Also, only the first, second, and fourth of these
inequalites is needed in the sequel.

Applying Lemma 5.7, we obtain new inequalities:

8αr(A) + 6αr+q(A) + 6αr+2q(A) + 2αr+3q(A) ≤ 11 (5.7)

4αr(A) + 4αr+q(A) + 3αr+2q(A) + αr+3q(A) ≤ 6 (5.8)

7αr(A) + 3αr+q(A) + 3αr+2q(A) + αr+3q(A) ≤ 7

8αr(A) + 3αr+q(A) + 3αr+2q(A) + αr+3q(A) ≤ 8 (5.9)

4αr+q(A) + 2αr+2q(A) + αr+3q(A) ≤ 4

4αr(A) + 6αr+2q(A) + 2αr+3q(A) ≤ 7

5αr(A) + 3αr+2q(A) + αr+3q(A) ≤ 5

whenever r ≥ 0, q ≥ 1, n ≥ r + 3q, and Moser sets A ⊂ [3]n.
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5.3. Four dimensions. Now we establish the bound c′4,3 = 43. Let A be a Moser

set in [3]4, with attendant statistics (a, b, c, d, e), which range between (0, 0, 0, 0, 0) and
(16, 32, 24, 8, 1). In view of the lower bounds, our task here is to establish the upper
bound a+ b+ c+ d+ e ≤ 43.

The linear inequalities already established just barely fail to achieve this bound, but we
can obtain the upper bound a+ b+ c+ d+ e ≤ 44 as follows. First suppose that e = 1;
then from the inequalities (5.2) (or by considering lines passing through 2222) we see
that a ≤ 8, b ≤ 16, c ≤ 12, d ≤ 4 and hence a + b + c + d + e ≤ 41, so we may assume
that e = 0.

From Lemma 5.5, we see that a+b+c+d+e is now equal to the sum of a(V )/4+b(V )/3+
c(V )/2 + d(V ), where V ranges over all side slices of [3]4. But from Lemma 5.10 we see
that a(V )/4 + b(V )/3 + c(V )/2 + d(V ) is at most 11

4
, with equality occuring only when

(a(V ), b(V ), c(V ), d(V )) = (2, 6, 6, 0). This gives the upper bound a+ b+ c+d+e ≤ 44.

The above argument shows that a + b + c + d + e = 44 can only occur if e = 0 and if
(a(V ), b(V ), c(V ), d(V )) = (2, 6, 6, 0) for all side slices V . Applying Lemma 5.10 again
this implies (a, b, c, d, e) = (4, 16, 24, 0, 0). But then A contains all of the sphere S2,4,
which implies that the four-element set A ∩ S4,4 cannot contain a pair of strings which
differ in exactly two positions (as their midpoint would then lie in S2,4, contradicting
the hypothesis that A is a Moser set).

Recall that we may partition S4,4 = Se
4,4∪So

4,4, where Se
4,4 := {1111, 1133, 1313, 3113, 1331, 3131, 3311, 3333}

is the strings in S4,4 with an even number of 1’s, and So
4,4 := {1113, 1131, 1311, 3111, 1333, 3133, 3313, 3331}

are the strings in S4,4 with an odd number. Observe that any two distinct elements in
Se

4,4 differ in exactly two positions unless they are antipodal. Thus A ∩ Se
4,4 has size at

most two, with equality only when A ∩ Se
4,4 consists of an antipodal pair. Similarly for

A ∩ So
4,4. Thus A must consist of two antipodal pairs, one from Se

4,4 and one from So
4,4.

By the symmetries of the cube we may assume without loss of generality that these
pairs are {1111, 3333} and {1113, 3331} respectively. But as A is a Moser set, A must
now exclude the strings 1112 and 3332. These two strings form two corners of the
eight-element set

∗ ∗ ∗2 ∩ S3,4 = {1112, 1132, 1312, 3112, 1332, 3132, 3312, 3332}.

Any pair of points in this set which are “adjacent” in the sense that they differ by exactly
one entry cannot both lie in A, as their midpoint would then lie in S3,4, and so A can
contain at most four elements from this set, with equality only if A contains all the
points in ∗∗∗2∩S3,4 of the same parity (either all the elements with an even number of
3s, or all the elements with an odd number of 3s). But because the two corners removed
from this set have the opposite parity (one has an even number of 1s and one has an odd
number), we see in fact that A can contain at most 3 points from this set. Meanwhile,
the same arguments give that A contains at most four points from ∗∗2∗∩S3,4, ∗2∗∗∩S3,4,
and 2∗∗∗∩S3,4. Summing we see that b = |A∩S3,4| ≤ 3+4+4+4 = 15, a contradiction.
Thus we have c′4,3 = 43 as claimed.
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We have the following further facts about the statistics of large Moser sets:

Proposition 5.11. Let A ⊂ [3]4 be a Moser set with statistics (a, b, c, d, e).

(i) If |A| ≥ 40, then e = 0.
(ii) If |A| ≥ 43, then d = 0.

(iii) If |A| ≥ 42, then d ≤ 2.
(iv) If |A| ≥ 41, then d ≤ 3.
(v) If |A| ≥ 40, then d ≤ 6.

(vi) If |A| ≥ 43, then c ≥ 18.
(vii) If |A| ≥ 42, then c ≥ 12.
(viii) If |A| ≥ 43, then b ≥ 15.

5.4. Proof of (i). Let e = 1; our task is to show that |A| < 40. From (5.7) we have

8β(A) + 6γ(A) + 6δ(A) + 2 ≤ 11

or equivalently that

b+ c+ 3d ≤ 36; (5.10)

meanwhile, from (5.2) we have

a ≤ 8; b ≤ 16; c ≤ 12 (5.11)

and hence

3|A| = 3a+ 3b+ 3c+ 3d+ 3e ≤ 3× 8 + 2× 16 + 2× 12 + 36 + 3 < 3× 40

and the claim follows.

5.5. Proof of (ii). ...

5.6. Proof of (iii). ...

5.7. Proof of (iv). ...

5.8. Proof of (v). From (5.7) we have

b+ c+ 3d+ 8e ≤ 44

while from (5.9) we have

4a+ b+ c+ d ≤ 64

and hence

4|A|+ 6d+ 20e = 3(b+ c+ 3d+ 8e) + (4a+ b+ c+ d) ≤ 196

and thus

d ≥ 196− 4|A|
6

≥ 6

as required.
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5.9. Proof of (vi), (vii). From (5.8) we have

2a+ b+ c+ d ≤ 48. (5.12)

If |A| ≥ 42, then by (i), e = 0; subtracting (5.12) from 2|A| = 2a + 2b + 2c + 2d one
concludes that

b+ c+ d ≥ 2|A| − 48.

On the other hand, from (5.4) we have

3b+ 2c+ 3d ≤ 96

and thus c ≥ 3(2|A| − 48)− 96, and the claims (vi), (vii) follow.

5.10. Proof of (viii). If |A| = 43, then by (i), (ii) we have d = e = 0, and then by
(5.12) we have a ≤ 5. Since we trivially have c ≤ 24, the only set of statistics that are
not consistent with the claim b ≥ 15 is (5, 14, 24, 0, 0). But this contradicts (5.7).

5.11. Five dimensions. Now we establish the bound c′5,3 = 124. In view of the lower

bounds, it suffices to show that there does not exist a Moser set A ⊂ [3]5 with |A| = 125.

We argue by contradiction. Let A be as above, and let (a(A), . . . , f(A)) be the statistics
of A.

Lemma 5.12. f(A) = 0.

Proof. If f(A) is non-zero, then A contains 22222, then each of the 35−1
2

= 121 antipodal
pairs in [3]5 can have at most one point in A, leading to only 122 points. �

Let us slice [3]5 into three parallel slices, e.g. 1 ∗ ∗ ∗ ∗, 2 ∗ ∗ ∗ ∗, 3 ∗ ∗ ∗ ∗. The intersection
of A with each of these slices has size at most 43. In particular, this implies that

|A ∩ 1 ∗ ∗ ∗ ∗|+ |A ∩ 3 ∗ ∗ ∗ ∗| = 125− |A ∩ 2 ∗ ∗ ∗ ∗| ≥ 82. (5.13)

Thus at least one of A∩ 1 ∗ ∗ ∗ ∗, A∩ 3 ∗ ∗ ∗ ∗ has cardinality at least 41; by Proposition
5.11(iv) we conclude that

min(d(1 ∗ ∗ ∗ ∗), d(3 ∗ ∗ ∗ ∗)) ≤ 3. (5.14)

Furthermore, equality can only hold in (5.14) if A ∩ 1 ∗ ∗ ∗ ∗, A ∩ 3 ∗ ∗ ∗ ∗ both have
cardinality exactly 41, in which case from Proposition 5.11(iv) again we must have

d(1 ∗ ∗ ∗ ∗) = d(3 ∗ ∗ ∗ ∗) = 3. (5.15)

Of course, we have a similar result for permutations.

Now we improve the bound |A ∩ 2 ∗ ∗ ∗ ∗| ≤ 43:

Lemma 5.13. |A ∩ 2 ∗ ∗ ∗ ∗| ≤ 41.
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Proof. Suppose first that |A ∩ 2 ∗ ∗ ∗ ∗| = 43. Let A′ ⊂ [3]4 be the subset of [3]4

corresponding to A ∩ 2 ∗ ∗ ∗ ∗, thus A′ is a Moser set of cardinality 43. By Proposition
5.11(vi), c(A′) ≥ 18. By Lemma 5.5, the sum of the c(V ), where V ranges over the
eight side slices of [3]4, is therefore at least 36. By the pigeonhole principle, we may
thus find two opposing side slices, say 1 ∗ ∗∗ and 3 ∗ ∗∗, with c(1 ∗ ∗∗) + c(3 ∗ ∗ ∗ ∗) ≥ 9.
Since c(1 ∗ ∗∗), c(3 ∗ ∗∗) cannot exceed 6, we thus have c(1 ∗ ∗∗), c(3 ∗ ∗∗) ≥ 3, with at
least one of c(1 ∗ ∗∗), c(3 ∗ ∗∗) being at least 5. Passing back to A, this implies that
d(∗1 ∗ ∗∗), d(∗3 ∗ ∗∗) ≥ 3, with at least one of d(∗1 ∗ ∗∗), d(∗3 ∗ ∗∗) being at least 5. But
this contradicts (5.14) together with the refinement (5.15).

We have just shown that |A ∩ 2 ∗ ∗ ∗ ∗| ≤ 42; we can thus improve (5.13) to

|A ∩ 1 ∗ ∗ ∗ ∗|+ |A ∩ 3 ∗ ∗ ∗ ∗| ≥ 83.

Combining this with Proposition 5.11(ii)-(v) we see that

d(1 ∗ ∗ ∗ ∗) + d(3 ∗ ∗ ∗ ∗) ≤ 6 (5.16)

with equality only if |A ∩ 2 ∗ ∗ ∗ ∗| = 42, and similarly for permutations.

Now let A′ be defined as before. Then we have

c(1 ∗ ∗∗) + c(3 ∗ ∗∗) ≤ 6

and similarly for permutations. Applying Lemma 5.5, this implies that c(2 ∗ ∗ ∗ ∗) =
c(A′) ≤ 12.

Now suppose for contradiction that |A′| = |A ∩ 2 ∗ ∗ ∗ ∗| = 42. Then by Proposition
5.11(vii) we have

c(2 ∗ ∗ ∗ ∗) = 12; (5.17)

applying Lemma 5.5 again, this forces c(1 ∗ ∗∗) + c(3 ∗ ∗∗) = 6 and similarly for permu-
tations, which then implies that

d(∗1∗∗∗)+d(∗3∗∗∗) = d(∗∗∗∗1)+d(∗∗∗∗3) = d(∗∗∗∗1)+d(∗∗∗∗3) = d(∗∗∗∗1)+d(∗∗∗∗3) = 6
(5.18)

and hence

|A ∩ ∗2 ∗ ∗ ∗ | = |A ∩ ∗ ∗ 2 ∗ ∗| = |A ∩ ∗ ∗ ∗2 ∗ | = |A ∩ ∗ ∗ ∗ ∗ 2| = 42

and thus

c(∗2 ∗ ∗∗) = c(∗ ∗ 2 ∗ ∗) = c(∗ ∗ ∗2∗) = c(∗ ∗ ∗ ∗ 2) = 12. (5.19)

Combining (5.17), (5.18), (5.19) we conclude that

d(1 ∗ ∗ ∗ ∗) + d(3 ∗ ∗ ∗ ∗) = 16,

contradicting (5.16). �

With this proposition, the bound (5.13) now improves to

|A ∩ 1 ∗ ∗ ∗ ∗|+ |A ∩ 3 ∗ ∗ ∗ ∗| ≥ 84 (5.20)

and in particular

|A ∩ 1 ∗ ∗ ∗ ∗|, |A ∩ 3 ∗ ∗ ∗ ∗| ≥ 41. (5.21)
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from this and Proposition 5.11(ii)-(iv) we now have

d(1 ∗ ∗ ∗ ∗) + d(3 ∗ ∗ ∗ ∗) ≤ 4 (5.22)

and similarly for permutations.

Lemma 5.14. e(A) = 0.

Proof. From (5.20), the intersection of A with any side slice has cardinality at least 41,
and thus by Proposition 5.11(i) such a side slice has an e-statistic of zero. The claim
then follows from Lemma 5.5. �

We need a technical lemma:

Lemma 5.15. Let B ⊂ S5,5. Then there exist at least |B| − 4 pairs of strings in B
which differ in exactly two positions.

Proof. The first non-vacuous case is |B| = 5. It suffices to establish this case, as the
higher cases then follow by induction (locating a pair of the desired form, then deleting
one element of that pair from B).

Suppose for contradiction that one can find a 5-element set B ⊂ S5,5 such that no two
strings in B differ in exactly two positions. Recall that we may split S5,5 = Se

5,5 ∪ So
5,5,

where Se
5,5 are those strings with an even number of 1’s, and So

5,5 are those strings with
an odd number of 1’s. By the pigeonhole principle and symmetry we may assume B
has at least three elements in So

5,5. Without loss of generality, we can take one of them
to be 11111, thus excluding all elements in So

5,5 with exactly two 3s, leaving only the
elements with exactly four 3s. But any two of them differ in exactly two positions, a
contradiction. �

We can now improve the trivial bound c(A) ≤ 80:

Corollary 5.16 (Non-maximal c). c(A) ≤ 79. If a(A) ≥ 7, then c(A) ≤ 78.

Proof. If c(A) = 80, then A contains all of S3,5, which then implies that no two elements
in A ∩ S5,5 can differ in exactly two places. It also implies (from (5.2)) that d(A) must
vanish, and that b(A) is at most 40. By Lemma 5.15, we also have that a(A) = |A∩S5,5|
is at most 4. Thus |A| ≤ 4 + 40 + 80 + 0 + 0 = 124, a contradiction.

Now suppose that a(A) ≥ 7. Then by Lemma 5.15 there are at least three pairs in
A ∩ S5,5 that differ in exactly two places. Each such pair eliminates one point from
A∩ S3,5; but each point in S3,5 can be eliminated by at most two such pairs, and so we
have at least two points eliminated from A ∩ S3,5, i.e. c(A) ≤ 78 as required. �

Next, we rewrite the quantity 125 = |A| in terms of side slices. From Lemmas 5.12,
5.14 we have

a(A) + b(A) + c(A) + d(A) = 125
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and hence by Lemma 5.5, the quantity

s(V ) := a(V ) +
5

4
b(V ) +

5

3
c(V ) +

5

2
d(V )− 125

2
,

where V ranges over side slices, has an average value of zero.

Proposition 5.17 (Large values of s(V )). For all side slices, we have s(V ) ≤ 1/2.
Furthermore, we have s(V ) < −1/2 unless the statistics (a(V ), b(V ), c(V ), d(V ), e(V ))
are of one of the following four cases:

• (Type 1) (a(V ), b(V ), c(V ), d(V ), e(V )) = (2, 16, 24, 0, 0) (and s(V ) = −1/2 and
|A ∩ V | = 42);
• (Type 2) (a(V ), b(V ), c(V ), d(V ), e(V )) = (4, 16, 23, 0, 0) (and s(V ) = −1/6 and
|A ∩ V | = 43);
• (Type 3) (a(V ), b(V ), c(V ), d(V ), e(V )) = (4, 15, 24, 0, 0) (and s(V ) = 1/4 and
|A ∩ V | = 43);
• (Type 4) (a(V ), b(V ), c(V ), d(V ), e(V )) = (3, 16, 24, 0, 0) (and s(V ) = 1/2 and
|A ∩ V | = 43);

Proof. Let V be a side slice. From (5.21) we have

41 ≤ a(V ) + b(V ) + c(V ) + d(V ) = |A ∩ V | ≤ 43.

First suppose that |A ∩ V | = 43, then from Proposition 5.11(ii), (viii), d(V ) = 0 and
b(V ) ≥ 15. Also, we have the trivial bound c(V ) ≤ 24, together with the inequality

3b(V ) + 2c(V ) ≤ 96

from (5.2). To exploit these facts, we rewrite s(V ) as

s(V ) =
1

2
− 1

2
(24− c(V ))− 1

12
(96− 3b(V )− 2c(V )).

Thus s(V ) ≤ 1/2 in this case. If s(V ) ≥ −1/2, then

6(24− c(V )) + (96− 3b(V )− 2c(V )) ≤ 12,

which together with the inequalities b(V ) ≤ 15, c(V ) ≤ 24, 3b(V ) + 2c(V ) ≤ 96 we
conclude that (b(V ), c(V )) must be one of (16, 24), (15, 24), (16, 23), (15, 23). The
first three possibilities lead to Types 4,3,2 respectively. The fourth type would lead to
(a(V ), b(V ), c(V ), d(V ), e(V )) = (5, 15, 23, 0, 0), but this contradicts (5.7).

Next, suppose |A ∩ V | = 42, so by Proposition 5.11(iii) we have d(V ) ≤ 2. From (5.2)
we have

2c(V ) + 3d(V ) ≤ 48 (5.23)

while from (5.4) we have

3b(V ) + 2c(V ) + 3d(V ) ≤ 96 (5.24)

and so we can rewrite s(V ) as

s(V ) = −1

2
− 1

4
(48−2c(V )−3d(V ))− 1

12
(96−3b(V )−2c(V )−3d(V ))+

1

2
d(V ). (5.25)

This already gives s(V ) ≤ 1/2. If d(V ) = 0, then s(V ) ≤ −1/2, with equality only in
Type 1. If d(V ) = 1, then the set A′ ⊂ [3]4 corresponding to A ∩ V contains a point
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in S3,4, which without loss of generality we can take to be 2221. Considering the three
lines ∗221, 2 ∗ 21, 22 ∗ 1, we see that at least three points in S2,4 must be missing from
A′, thus c(V ) ≤ 21. This forces 48− 2c(V )− 3d(V ) ≥ 3, and so s(V ) < −3/4. Finally,
if d(V ) = 2, then A′ contains two points in S3,4. If they are antipodal (e.g. 2221 and
2223), the same argument as above shows that at least six points in S2,4 are missing from
A′; if they are not antipodal (e.g. 2221 and 2212) then by considering the lines ∗221,
2 ∗ 21, 22 ∗ 1, ∗212, 2 ∗ 12 we see that five points are missing. Thus we have c(V ) ≤ 19,
which forces 48−2c(V )−3d(V ) ≥ 4. This forces s(V ) ≤ −1/2, with equality only when
c(V ) = 19 and 3b(V ) + 2c(V ) + 3d(V ) = 96, but this forces b(V ) to be the non-integer
52/3, a contradiction, which concludes the treatment of the |A ∩ V | = 42 case.

Finally, suppose |A ∩ V | = 41. Using (5.23), (5.24) as before we have

s(V ) = −3

2
− 1

4
(48−2c(V )−3d(V ))− 1

12
(96−3b(V )−2c(V )−3d(V ))+

1

2
d(V ), (5.26)

while from Proposition 5.11(vi) we have d(V ) ≤ 3. This already gives s(V ) ≤ 0, and
s(V ) ≤ −1 when d(V ) = 1. In order to have s(V ) ≥ −1/2, we must then have
d(V ) = 2 or d(V ) = 3. But then the arguments of the preceding paragraph give
48− 2c(V )− 3d(V ) ≥ 4, and so s(V ) ≤ −1 in this case. �

Since the s(V ) average to zero, by the pigeonhole principle we may find two opposing
side slices (e.g. 1 ∗ ∗ ∗ ∗ and 3 ∗ ∗ ∗ ∗), whose total s-value is non-negative. Actually we
can do a little better:

Lemma 5.18. There exists two opposing side slices whose total s-value is strictly pos-
itive.

Proof. If this is not the case, then we must have s(1 ∗ ∗ ∗ ∗) + s(3 ∗ ∗ ∗ ∗) = 0 and
similarly for permutations. Using Proposition 5.17 we thus see that for every opposing
pair of side slices, one is Type 1 and one is Type 4. In particular c(V ) = 24 for all side
slices V . But then by Lemma 5.5 we have c(A) = 80, contradicting Lemma 5.16. �

Let V, V ′ be the side slices in Lemma 5.18 By Proposition 5.17, the V, V ′ slices must
then be either Type 2, Type 3, or Type 4, and they cannot both be Type 2. Since
a(A) = a(V ) + a(V ′), we conclude

6 ≤ a(A) ≤ 8. (5.27)

In a similar spirit, we have
c(V ) + c(V ′) ≤ 23 + 24.

On the other hand, by considering the 24 lines connecting c-points of V, V ′ to c-points
of the centre slice W between V and V ′, each of which contains at most two points in
A, we have

c(V ) + c(W ) + c(V ′) ≤ 24× 2.

Thus c(W ) ≤ 1; since
d(A) = d(V ) + d(V ′) + c(W )

we conclude from Proposition 5.17 that d(A) ≤ 1. Actually we can do better:
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Lemma 5.19. d(A) = 0.

Proof. Suppose for contradiction that d(A) = 1; without loss of generality we may
take 11222 ∈ A. This implies that d(1 ∗ ∗ ∗ ∗) = d(∗1 ∗ ∗∗) = 1. Also, by the
above discussion, c(∗ ∗ 1 ∗ ∗) and c(∗ ∗ 3 ∗ ∗) cannot both be 24, so by Proposition
5.17, s(∗ ∗ 1 ∗ ∗) + s(∗ ∗ 3 ∗ ∗) ≤ 1/3; similarly s(∗ ∗ ∗1∗) + s(∗ ∗ ∗3∗) ≤ 1/3 and
s(∗ ∗ ∗ ∗ 1) + s(∗ ∗ ∗ ∗ 3) ≤ 1/3. Since the s average to zero, we see from the pigeonhole
principle that either s(1 ∗ ∗ ∗ ∗) + s(3 ∗ ∗ ∗ ∗) ≥ −1/2 or s(∗1 ∗ ∗∗) + s(∗3 ∗ ∗∗) ≥ −1/2.
We may assume by symmetry that

s(1 ∗ ∗ ∗ ∗) + s(3 ∗ ∗ ∗ ∗) ≥ −1/2. (5.28)

Since s(3 ∗ ∗ ∗ ∗) ≤ 1/2 by Proposition 5.17, we conclude that

s(1 ∗ ∗ ∗ ∗) ≥ −1. (5.29)

If |A ∩ 1 ∗ ∗ ∗ ∗| = 41, then by (5.26) we have

s(1∗∗∗∗) = −1−1

4
(48−2c(1∗∗∗∗)−3d(1∗∗∗∗))− 1

12
(96−3b(1∗∗∗∗)−2c(1∗∗∗∗)−3d(1∗∗∗∗))

but the arguments in Proposition 5.17 give 48 − 2c(1 ∗ ∗ ∗ ∗) − 3d(1 ∗ ∗ ∗ ∗) ≥ 3 and
96 − 3b(1 ∗ ∗ ∗ ∗) − 2c(1 ∗ ∗ ∗ ∗) − 3d(1 ∗ ∗ ∗ ∗) ≥ 0, a contradiction. So we must have
|A ∩ 1 ∗ ∗ ∗ ∗| = 42 (by Proposition 5.11(ii) and (5.21)). In that case, from (5.25) we
have

s(1∗∗∗∗) =
1

4
(48−2c(1∗∗∗∗)−3d(1∗∗∗∗))− 1

12
(96−3b(1∗∗∗∗)−2c(1∗∗∗∗)−3d(1∗∗∗∗))

while also having 48−2c(1∗∗∗∗)−3d(1∗∗∗∗) ≥ 3 and 96−3b(1∗∗∗∗)−2c(1∗∗∗∗)−
3d(1 ∗ ∗ ∗ ∗) ≥ 0. Since s(1 ∗ ∗ ∗ ∗) ≥ −1 and d(1 ∗ ∗ ∗ ∗) = 1, we soon see that we must
have 48−2c(1∗∗∗∗)−3d(1∗∗∗∗) = 3 and 96−3b(1∗∗∗∗)−2c(1∗∗∗∗)−3d(1∗∗∗∗) ≤ 3,
which forces c(1 ∗ ∗ ∗ ∗) = 21 and b(1 ∗ ∗ ∗ ∗) = 16 or b(1 ∗ ∗ ∗ ∗) = 17; thus the statistics
of 1 ∗ ∗ ∗ ∗ are either (4, 16, 21, 1, 0) or (3, 17, 21, 1, 0).

We first eliminate the (3, 17, 21, 1, 0) case. In this case s(1 ∗ ∗ ∗ ∗) is exactly −1.
Inspecting the proof of (5.29), we conclude that s(3 ∗ ∗ ∗ ∗) must be +1/2 and that
s(∗ ∗ 1 ∗ ∗) + s(∗ ∗ 3 ∗ ∗) = 1/3. From the former fact and Proposition 5.17 we see that
a(A) = a(1 ∗ ∗ ∗ ∗) +a(3 ∗ ∗ ∗ ∗) = 3 + 3 = 6; on the other hand, from the latter fact and
Proposition 5.17 we have a(A) = a(∗ ∗ 1 ∗ ∗) + a(∗ ∗ 3 ∗ ∗) = 4 + 3 = 7, a contradiction.

So 1 ∗ ∗ ∗ ∗ has statistics (4, 16, 21, 1, 0), which implies that s(1 ∗ ∗ ∗ ∗) = −3/4 and
|A ∩ 1 ∗ ∗ ∗ ∗| = 42. By (5.28) we conclude

s(3 ∗ ∗ ∗ ∗) ≥ 1/4, (5.30)

which by Proposition 5.17 implies that |A∩3∗∗∗∗| = 43, and hence |A∩2∗∗∗∗| = 40.
On the other hand, since e(A) = f(A) = 0 and d(A) = 1, with the latter being caused
by 11222, we see that c(2 ∗ ∗ ∗ ∗) = d(2 ∗ ∗ ∗ ∗) = e(2 ∗ ∗ ∗ ∗) = 0. From (5.2) we have
4a(2∗∗∗∗)+b(2∗∗∗∗) ≤ 64, and we also have the trivial inequality b(2∗∗∗∗) ≤ 32; these
inequalities are only compatible if 2 ∗ ∗ ∗ ∗ has statistics (8, 32, 0, 0, 0), thus A∩ 2 ∗ ∗ ∗ ∗
contains S2,5 ∩ 2 ∗ ∗ ∗ ∗.
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If a(3 ∗ ∗ ∗ ∗) = 4, then a(A) = a(1 ∗ ∗ ∗ ∗) + a(3 ∗ ∗ ∗ ∗) = 8, which by Proposition 5.17
implies that s(∗∗1∗∗)+s(∗∗3∗∗) cannot exceed 1/12, and similarly for permutations.
On the other hand, from Proposition 5.17 s(∗ ∗ 1 ∗ ∗) + s(∗ ∗ 3 ∗ ∗) cannot exceed
−3/4 + 1/4 = −1/2, and so the average value of s cannot be zero, a contradiction.
Thus a(3 ∗ ∗ ∗ ∗) 6= 4, which by (5.30) and Proposition 5.17 implies that ∗ ∗ 3 ∗ ∗ has
statistics (3, 16, 24, 0, 0).

In particular, A contains 16 points from 3 ∗ ∗ ∗ ∗ ∩ S1,5 and all of 3 ∗ ∗ ∗ ∗ ∩ S2,5. As a
consequence, no pair of the 16 points in A∩3∗∗∗∗∩S1,5 can differ in only one coordinate;
partitioning the 32-point set 3 ∗ ∗ ∗ ∗ ∩ S1,5 into 16 such pairs, we conclude that every
such pair contains exactly one element of A. We conclude that A ∩ 3 ∗ ∗ ∗ ∗ ∩ S1,5 is
equal to either 3 ∗ ∗ ∗ ∗ ∩ Se

1,5 or 3 ∗ ∗ ∗ ∗ ∩ So
1,5.

On the other hand, A contains all of 2 ∗ ∗ ∗ ∗ ∩ S2,5, and exactly sixteen points from
1 ∗ ∗ ∗ ∗ ∩ S1,5. Considering the vertical lines ∗xyzw where xyzw ∈ S1,4, we conclude
that A∩ 1 ∗ ∗ ∗ ∗∩S1,5 is either equal to 1 ∗ ∗ ∗ ∗∩So

1,5 or 1 ∗ ∗ ∗ ∗∩Se
1,5. But either case

is incompatible with the fact that A contains 11222 (consider either the line 11xx2 or
11xx2, where x = 1, 2, 3 and x = 4− x), obtaining the required contradiction. �

We can now eliminate all but three cases for the statistics of A:

Proposition 5.20 (Statistics of A). The statistics (a(A), b(A), c(A), d(A), e(A), f(A))
of A must be one of the following three tuples:

• (Case 1) (6, 40, 79, 0, 0);
• (Case 2) (7, 40, 78, 0, 0);
• (Case 3) (8, 39, 78, 0, 0).

Proof. Since d(A) = e(A) = f(A) = 0, we have

c(2 ∗ ∗ ∗ ∗) = d(2 ∗ ∗ ∗ ∗) = e(2 ∗ ∗ ∗ ∗) = 0.

On the other hand, from (5.2) we have 4a(2 ∗ ∗ ∗ ∗) + b(2 ∗ ∗ ∗ ∗) ≤ 64 as well as the
trivial inequality b(2 ∗ ∗ ∗ ∗) ≤ 24, and also we have

|A ∩ 2 ∗ ∗ ∗ ∗| = 125− |A ∩ 1 ∗ ∗ ∗ ∗| − |A ∩ 3 ∗ ∗ ∗ ∗| ≥ 125− 43− 43 = 39.

Putting all this together, we see that the only possible statistics for 2 ∗ ∗ ∗ ∗ are
(8, 32, 0, 0, 0), (7, 32, 0, 0, 0), or (8, 31, 0, 0, 0). In particular, 7 ≤ a(2 ∗ ∗ ∗ ∗) ≤ 8 and
31 ≤ b(2∗∗∗∗) ≤ 32, and similarly for permutations. Applying Lemma 5.5 we conclude
that

35 ≤ b(A) ≤ 40

and

77.5 ≤ c(A) ≤ 80.

Combining this with the first part of Corollary 5.16 we conclude that c(A) is either 78
or 79. From this and (5.27) we see that the only cases that remain to be eliminated
are (7, 39, 79, 0, 0) and (8, 38, 79, 0, 0), but these cases are incompatible with the second
part of Corollary 5.16. �
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We now eliminate each of the three remaining cases in turn.

5.12. Elimination of (6, 40, 79, 0, 0). Here A ∩ S5,5 has six points. By Lemma 5.15,
there are at least two pairs in this set which differ in two positions. Their midpoints
are eliminated from A ∩ S3,5. But A omits exactly one point from S3,5, so these mid-
points must be the same. By symmetry, we may then assume that these two pairs are
(11111, 11133) and (11113, 11131). Thus the eliminated point in S3,5 is 11122, i.e. A
contains S3,5\{11122}. Also, A contains {11111, 11133, 11113, 11131} and thus must
omit {11121, 11123, 11112, 11132}.

Since 11322 ∈ A, at most one of 11312, 11332 lie in A. By symmetry we may assume
11312 6∈ A, thus there is a pair (xy1z2, xy3z2) with x, y, z = 1, 3 that is totally omitted
from A, namely (11112, 11312). On the other hand, every other pair of this form can
have at most one point in the A, thus there are at most seven points in A of the form
xyzw2 with x, y, z, w = 1, 3. Similarly there are at most 8 points of the form xyz2w, or
of xy2zw, x2yzw, 2xyzw, leading to b(A) ≤ 7 + 8 + 8 + 8 + 8 = 39, contradicting the
statistic b(A) = 40.

5.13. Elimination of (7, 40, 78, 0, 0). Here A∩S5,5 has seven points. By Lemma 5.15,
there are at least three pairs in this set which differ in two positions. As we can only elim-
inate two points from S3,5, two of the midpoints of these pairs must be the same; thus,
as in the previous section, we may assume that A contains {11111, 11133, 11113, 11131}
and omits {11121, 11123, 11112, 11132} and 11122.

Now consider the 160 lines ` connecting two points in S4,5 to one point in S3,5 (i.e.
∗2xyz and permutations, where x, y, z = 1, 3). By double counting, the total sum of
|` ∩A| over all 160 lines is 4b(A) + 2c(A) = 316 = 158× 2. On the other hand, each of
these lines contain at most two points in A, but two of them (namely 1112∗ and 1112∗)
contain no points. Thus we must have |` ∩ A| = 2 for the remaining 158 lines `.

Since A omits 1112x and 111x2 for x = 1, 3, we thus conclude (by considering the lines
11 ∗ 2x and 11 ∗ x2) that A must contain 1132x, 113x2, 1312x, and 131x2. Taking
midpoints, we conclude that A omits 11322 and 13122. But together with 11122 this
implies that at least three points are missing from A∩S3,5, contradicting the hypothesis
c(A) = 78.

5.14. Elimination of (8, 39, 78, 0, 0). Now A ∩ S5,5 has eight points. By Lemma 5.15,
there are at least three pairs in this set which differ in two positions. As we can
only eliminate two points from S3,5, two of these pairs (a, b), (c, d) must have the same
midpoint p, and two other pairs (a′, b′), (c′, d′) must have the same midpoint p′, and A
contains S3,5\{p, p′}. As p, p′ are distinct, the plane containing a, b, c, d is distinct from
the plane containing a′, b′, c′, d′.

Again consider the 160 lines ` from the previous section. This time, the sum of the
|` ∩ A| is 4b(A) + 2c(A) = 312 = 156 × 2. But the two lines in the plane of a, b, c, d
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passing through p, and the two lines in the plane of a′, b′, c′, d′ passing through p′, have
no points; thus we must have |` ∩ A| = 2 for the remaining 156 lines `.

Without loss of generality we have (a, b) = (11111, 11133), (c, d) = (11113, 11131), thus
p = 11122. By permuting the first three indices, we may assume that p′ is not of
the form x2y2z, x2yz2, xy22z, xy2z2 for any x, y, z = 1, 3. Then we have 1112x 6∈ A
and 1122x ∈ A for every x = 1, 3, so by the preceding paragraph we have 1132x ∈ A;
similarly for 113x2, 1312x, 131x2. Taking midpoints, this implies that 13122, 11322 6∈ A,
but this (together with 11122) shows that at least three points aremissing from A∩S3,5,
contradicting the hypothesis c(A) = 78.

5.15. Six dimensions. To get bounds in the six-dimensional case, we need to return
to the four and five dimensional cases and establish some additional inequalities there.
Our bounds will now rely much more heavily on computer computations; we give only
a sketch of the arguments here.

We begin with a four-dimensional estimate.

Proposition 5.21. Let A ⊂ [3]4 be a Moser set with statistics (a, b, c, d, e), and let
(α, β, γ, δ, ε) be the associated densities. Then 4α+ 2β + 3γ + 2δ+ ε ≤ 6 and 8α+ 2β +
3γ + 2δ + ε ≤ 8.

Proof. Consider the three-dimensional subspace V := {xxyz : x, y, z ∈ [3]} in [3]4. We
define the relative statistics αV , . . . , εV for this subspace as

αV :=
|A ∩ V ∩ S4,4|
|V ∩ S4,4|

, . . . , εV :=
|A ∩ V ∩ S0,4|
|V ∩ S0,4|

(note that these numbers are distinct from the densities α(V ), . . . , δ(V ) used in preced-
ing sections). A computer exhaustion of the 227 different subsets of V reveals that the
inequalities

4αV + 2βV + 3γV + 2δV + εV ≤ 6

and

8αV + 2βV + 3γV + 2δV + εV ≤ 8

hold for all Moser sets A. Of course, the same bounds then follow for all other spaces
obtained from V by the symmetries of the cube. Averaging over all such spaces gives
the claim. �

Proposition 5.22. Let A ⊂ [3]4 be a Moser set with statistics (a, b, c, d, e). Then
a+ b+ c+ d+ 5e ≤ 43 and a+ b+ c+ 3

2
d+ 4e ≤ 43.

Proof. The first inequality follows from the bound |A| ≤ c′4,3 = 43 and Proposition
5.11(i), so we turn to the second inequality.

If e = 0, then a+ b+ c+ 3
2
d+ 4e = |A|+ 1

2
d. The claim then follows from Proposition

5.11(ii)-(v), and the trivial bound d ≤ 8 for the cases |A| < 40. So we may assume that
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e = 1. But then we have (5.10), (5.11), and so

a+ b+ c+
3

2
d+ 4e = a+

b+ c

2
+
b+ c+ 3d

2
+ 4

≤ 8 +
16 + 12

2
+

36

2
+ 4

= 44.

We need to show that a + b + c + 3
2
d + 4e ≤ 43. An inspection of the above argument

shows that we are done unless a = 8 and (b+ c, b+ c+ 3d) is equal to (28, 36), (28, 35),
or (27, 36). Since b+ c and b+ c+ 3d differ by a multiple of 3, we must therefore have
b+c = 27 and b+c+3d = 36, thus d = 3. But these possibilities contradict Proposition
5.21. �

These inequalities for four-dimensional Moser sets of course imply inequalities for higher
dimensional Moser sets also, by Proposition 5.7.

In five dimensions, one can modify the proof of Proposition 5.21 to give additional
inequalities. For instance, by considering the three-dimensional space {xxyyz : x, y, z ∈
[3]} and averaging over symmetries, one can establish the inequalities

4α + 1β + 2γ + 2δ + 1ε+ 1ζ ≤ 11

2
24α + 0β + 4γ + 2δ + 1ε+ 1ζ ≤ 6

4α + 2β + 2γ + 2δ + 1ε+ 1ζ ≤ 6

7α + 1β + 2γ + 2δ + 1ε+ 1ζ ≤ 7

8α + 0β + 4γ + 2δ + 1ε+ 1ζ ≤ 8

8α + 2β + 2γ + 2δ + 1ε+ 1ζ ≤ 8

4α + 2β + 0γ + 2δ + 2ε+ 1ζ ≤ 6

8α + 2β + 0γ + 2δ + 2ε+ 1ζ ≤ 8

for the densities α, β, γ, δ, ε, ζ of Moser sets A ⊂ [3]5, while from considering the space
{xxxyz : x, y, z ∈ [3]} one instead obtains

8α + 4β + 2γ + 2δ + 4ε+ 2ζ ≤ 11

4α + 2β + 1γ + 2δ + 2ε+ 1ζ ≤ 6

4α + 4β + 1γ + 0δ + 2ε+ 1ζ ≤ 6

7α + 2β + 1γ + 1δ + 2ε+ 1ζ ≤ 7

8α + 2β + 1γ + 2δ + 2ε+ 1ζ ≤ 8

4α + 0β + 2γ + 0δ + 0ε+ 1ζ ≤ 4

4α + 0β + 2γ + 2δ + 2ε+ 1ζ ≤ 6

8α + 0β + 2γ + 2δ + 2ε+ 1ζ ≤ 8

8α + 4β + 1γ + 0δ + 2ε+ 1ζ ≤ 8

Inserting all the inequalities already established for five dimensions into standard integer
programming package (e.g. the one provided by Maple 12), one obtains that a+ b+ c+
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d+e+f ≤ 117 whenever f = 1. Since we have already established a+b+c+d+e+f ≤
c′5,3 = 124 in general, we conclude the new inequality

a+ b+ c+ d+ e+ 7f ≤ 124.

These inequalities of course carry over to give inequalities for six dimensions. Further-
more, by repeating the Proposition 5.21 argument with the space {xxxxyz : x, y, z ∈ [3]}
one obtains

8α + 4β + 2γ + 2ε+ 4ζ + 2η ≤ 11

0α + 0β + 2γ + 0ε+ 0ζ + 1η ≤ 2

4α + 2β + 1γ + 2ε+ 2ζ + 1η ≤ 6

7α + 2β + 1γ + 1ε+ 2ζ + 1η ≤ 7

4α + 0β + 2γ + 0ε+ 0ζ + 1η ≤ 4

4α + 0β + 2γ + 2ε+ 2ζ + 1η ≤ 6

8α + 0β + 2γ + 2ε+ 2ζ + 1η ≤ 8

8α + 2β + 1γ + 2ε+ 2ζ + 1η ≤ 8

4α + 4β + 1γ + 0ε+ 2ζ + 1η ≤ 6

8α + 4β + 1γ + 0ε+ 2ζ + 1η ≤ 8

for the densities α, β, γ, δ, ε, ζ, η of Moser sets A ⊂ [3]6 (note that the xxxxyz strings
never contribute to the δ density), and similarly by using the space {xxxyyz : x, y, z ∈
[3]} one obtains

4α + 2β + 0γ + 3δ + 1ε+ 1ζ + 1η ≤ 6

4α + 0β + 2γ + 3δ + 1ε+ 1ζ + 1η ≤ 6

8α + 2β + 0γ + 3δ + 1ε+ 1ζ + 1η ≤ 8

8α + 0β + 2γ + 3δ + 1ε+ 1ζ + 1η ≤ 8

0α + 4β + 0γ + 0δ + 2ε+ 0ζ + 1η ≤ 4

0α + 0β + 4γ + 0δ + 0ε+ 2ζ + 1η ≤ 4

8α + 4β + 0γ + 0δ + 2ε+ 0ζ + 1η ≤ 1

8α + 0β + 4γ + 0δ + 0ε+ 2ζ + 1η ≤ 1

Using all these inequalities and applying a standard integer programming package, we
obtained the linear inequality

a+ b+ c+ d+ e+ f + g ≤ 361.

One can of course continue this method for higher dimensions, but the bounds seem
to become far less tight in those cases. In particular, the inequalities propagated by
Lemma 5.7 seem to be less powerful once the density |A|/3n drops below 1/2, which is
the case in six and higher dimensions.
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6. Fujimura’s problem
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This is where we will discuss upper and lower bounds on Fujimura’s problem. Please
edit at

http://michaelnielsen.org/polymath1/index.php?title=Fujimura.tex
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7. Higher values k
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A mixed bag here: relations between Moser and DHJ, failure of HOC, numerical results,
small n results. Please edit at

http://michaelnielsen.org/polymath1/index.php?title=Higherk.tex
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Appendix A. Genetic algorithms
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Genetic algorithms can be used to find solutions to a wide variety of combinatorial
problems. In most cases, many of the specifics of the implemenation are not essential.
In this account, we seek to provide some of the more salient details of at least one way
in which the Hales-Jewett problem can be approached using genetic algorithms.

The representation of genetic algorithms is a nontrivial problem.[12] Each solution in
[3]n was represented as an array of 3n elements where each element was a 0,1 or 2. This
was generalized to higher dimensional versions of the problem. We depart from the
traditonal genetic algorithm, in that, the genetic algorithm implemented is a mixture of
both a greedy algorithm and a genetic algorithm. This combination of greedy and ge-
netic algorithms, which has some precedent[8], was observed to increase the effectiveness
of the genetic algorithm solution of the Hales-Jewett problem significantly.

A lookup table was constructed where for each string, the other strings needed to make a
line were listed. In order to check whether a particular line was present, it was sufficient
to check whether all these strings were present. This particular implementation was
chosen to increase the speed for checking whether lines were present.

While it may be possible to use invalid strings as members of the population in the
genetic algorith, no invalid strings are used as solution candidates. Any candidate
solutions which contain lines are corrected. If a group of elements creates a line, one
of these elements is removed at random to elimiate the line. New solutions by three
methods. They are created from old solutions by randomly including or removing a
string from the list of strings in a candidate solution; they are created by taking part
of one list of strings and merging it with part of another list; or they are created by
adding any elements that can be added without adding a line.

There are small differences which speed up the basic function of the algorithm but
probably do not contribute to the types of solutions ultimately found. For instance, the
rate of mutation. Ways of generating a new solution were used in proprotion to their
historical rate of success in producing new solutions. The population size was typically
held between 60-80. The algorithm was periodically restarted if between solutions were
not found after a reasonably long delay.
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Appendix B. Integer programming
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This is where we will discuss the integer programming algorithms used in the paper.
Please edit at

http://michaelnielsen.org/polymath1/index.php?title=Integer.tex
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